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1. A triangle ABC with AC = 20 is inscribed in a 
circle w. A tangent t to w is drawn through B. 
The distance of t from A is 25 and that from C 
is 16. If S denotes the area of the triangle ABC, 
find the largest integer not exceeding S/20.

[IOQM-2023]
2. In a parallelogram ABCD, a point P on the 

segment AB is taken such that 
61

2022
AP

AB
=  

and a point Q on the segment AD is taken such 

that 61
2065

AQ

AD
= . If PQ intersects AC at T, find 

AC

AT
to the nearest integer. [IOQM-2023]

3. In a trapezoid ABCD, the internal bisector of 
angle A intersects the base BC (or its extension) 
at the point E. Inscribed in the triangle ABE is 
a circle touching the side AB at M and side BE 
at the point P. Find the angle DAE in degrees, 
if AB : MP = 2. [IOQM-2023]

4. Starting with a positive integer M written on 
the board, Alice plays the following game: in 
each move, if x is the number on the board, she 
replaces it with 3x + 2. Similarly, starting with 
a positive integer N written on the board, Bob 
plays the following game: in each move, if x 
is the number on the board, he replaces it with 
2x + 27. Given that Alice and Bob reach the 
same number after playing 4 moves each, find 
the smallest value of M + N. [IOQM-2023]

5. Let m be the smallest positive integer such that 
m2 + (m + 1)2 + ... + (m + 10)2 is the square of 
a positive integer n. Find m + n. [IOQM-2023]

6. Let a, b be positive integers satisfying a3 – b3  
– ab = 25. Find the largest possible value of 
a2 + b3. [IOQM-2023]

7. Find the number of ordered pairs (a, b) such 
that a, b ∈ {10, 11, ..., 29, 30} and

 GCD(a, b) + LCM(a, b) = a + b. 
[IOQM-2023]

8. Suppose the prime numbers p and q satisfy q2 + 3p 

= 197p2 + q. Write 
q

p
as l +

m

n
, where l, m, n 

are positive integers, m < n and GCD(m, n) = 1. 
Find the maximum value of l + m + n.

[IOQM-2023]

9. Two sides of an integer sided triangle have 
lengths 18 and x where x < 100. If there are 
exactly 35 possible integer values y such 
that 18, x, y are the sides of a non-degenerate 
triangle, find the number of possible integer 
values x can have. [IOQM-2023]

10. Consider the 10-digit number M = 9876543210. 
We obtain a new 10-digit number from M 
according to the following rule: we can choose 
one or more disjoint pairs of adjacent digits in 
M and interchange the digits in these chosen 
pairs, keeping the remaining digits in their own 
places. For example, from M = 9876543210, 
by interchanging the 2 underlined pairs, and 
keeping the others in their places, we get 

1 9786453210M = . Note that any number of 
(disjoint) pairs can be interchanged. Find the 
number of new numbers that can be so obtained 
from M. [IOQM-2023]

11. Let AB be a diameter of a circle w and let C 
be a point on w, different from A and B. The 
perpendicular from C intersects AB at D and w 
at E(≠ C). The circle with centre at C and radius 
CD intersects w at P and Q. If the perimeter of 
the triangle PEQ is 24, find the length of the 
side PQ. [IOQM-2023]

12. Given DABC with ∠B = 60º and ∠C = 30º, 
let P, Q, R be points on sides BA, AC, CB 
respectively such that BPQR is an isosceles 
trapezium with PQ || BR and BP = QR. Find the 

minimum possible value of 
2[ ]
[ ]

ABC

BPQR  where [S] 

denotes the area of any polygon S.
[IOQM-2023]

13. Let ABC be a triangle and let D be a point on 
the segment BC such that AD = BC. Suppose 
∠CAD = xº, ∠ABC = yº and ∠ACB = zº and x, 
y, z are in an arithmetic progression in that order 
where the first term and the common difference 
are positive integers. Find the largest possible 
value of ∠ABC in degrees. [IOQM-2023]

14. Let x, y, z be complex numbers such that

 
9x y z

y z z x x y
+ + =

+ + +

 

2 2 2
64x y z

y z z x x y
+ + =

+ + +

 

3 3 3
488x y z

y z z x x y
+ + =

+ + +
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 If x y z m

yz zx xy n
+ + = where m, n are positive 

integers with GCD(m, n) = 1, find m + n.
[IOQM-2023]

15. Let x, y be real numbers such that xy = 1. Let T 
and t be the largest and the smallest values of 
the expression

 

2

2
( ) ( ) 2 .
( ) ( ) 2
x y x y

x y x y

+ − − −

+ + − −

 If T + t can be expressed in the form 
m

n
 where 

m, n are nonzero integers with GCD(m, n) = 1, 
find the value of m + n. [IOQM-2023]

16. Let a, b, c be reals satisfying
 3ab + 2 = 6b, 3bc + 2 = 5c, 3ca + 2 = 4a.
 Let  denote the set of all rational numbers. 

Given that the product abc can take two 

values  and  r t

x u
∈ ∈� � , in lowest form, find  

r + s + t + u. [IOQM-2023]
17. For a positive integer n > 1, let g(n) denote the 

largest positive proper divisor of n and f (n) = 
n – g(n). For example, g(10) = 5, f (10) = 5 and 
g(13) = 1, f (13) = 12. Let N be the smallest 
positive integer such that f (f (f (N))) = 97. Find 
the largest integer not exceeding N .

[IOQM-2023]
18. Let m, n be natural numbers such that
 m + 3n – 5 = 2LCM(m, n) – 11GCD(m, n).
 Find the maximum possible value of m + n.

[IOQM-2023]
19. Consider a string of n 1’s. We wish to place 

some + signs in between so that the sum is 
1000. For instance, if n = 190, one may put 
+ signs so as to get 11 ninety times and 1 ten 

times, and get the sum 1000. If a is the number 
of positive integers n for which it is possible to 
place + signs so as to get the sum 1000, then 
find the sum of the digits of a. [IOQM-2023]

20. For an integer n ≥ 3 and a permutation s = (p1, 
p2, ..., pn) of {1, 2, ..., n}, we say pl is a landmark 
point if 2 ≤ l ≤ n – 1 and (pl – 1 – pl)(pl + 1 – pl) 
> 0. For example, for n = 7, the permutation  
(2, 7, 6, 4, 5, 1, 3) has four landmark points:  
p2 = 7, p4 = 4, p5 = 5 and p6 = 1. For a given  
n ≥ 3, let L(n) denote the number of 
permutations of {1, 2, ..., n} with exactly one 
landmark point. Find the maximum n ≥ 3 for 
which L(n) is a perfect square. [IOQM-2023]

21. An ant is at a vertex of a cube. Every 10 minutes 
it moves to an adjacent vertex along an edge. 
If N is the number of one hour journeys that 
end at the starting vertex, find the sum of the 
squares of the digits of N. [IOQM-2023]

22. A binary sequence is a sequence in which each 
term is equal to 0 or 1. A binary sequence is 
called friendly if each term is adjacent to at 
least one term that is equal to 1. For example, 
the sequence 0, 1, 1, 0, 0, 1, 1, 1 is friendly. 
Let Fn denote the number of friendly binary 
sequences with n terms. Find the smallest 
positive integer n ≥ 2 such that Fn > 100.

[IOQM-2023]
23. In a triangle ABC, the median AD divides 

∠BAC in the ratio 1 : 2. Extend AD to E such 
that EB is perpendicular AB. Given that BE = 3, 
BA = 4, find the integer nearest to BC2.

[IOQM-2023]
24. Let N be the number of ways of distributing 

52 identical balls into 4 distinguishable boxes 
such that no box is empty and the difference 
between the number of balls in any two of the 
boxes is not a multiple of 6. If N = 100a + b, 
where a, b are positive integers less than 100, 
find a + b. [IOQM-2023]

1. (10) 2. (67) 3. (60) 4. (10) 5. (95) 6. (43) 7. (35) 8. (32) 9. (82)
10. (88) 11. (08) 12. (03) 13. (59) 14. (16) 15. (25) 16. (18) 17. (19) 18. (70)
19. (09) 20. (03) 21. (74) 22. (11) 23. (29) 24. (81)
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1. (10) 
A15 –

R

R

R
20

T

O

M

B C

16N

5
2R

4 2R

  Let O be the circumcentre of DABC and let M, N be 
the foot of perpendiculars from A and C to the tangent 
t respectively

  
2 2(25 ) 5 2 25OT R R R BM= − − = − =

  
2 2 225 25(2 25) 5 2AB AM BM R R= + = + − =

  Similarly,

  4 2 16OT R BN= − =

  
2 2 4 2BC BN CN R= + =

  
1[ ] sin
2

ABC AC BC C= × ×

  We know that,
  AB = 2R sinC

  ⇒  
5 2 5sin

2 2
R

C
R R

= =

  ⇒  
1 5[ ] 20 4 2 200
2 2

ABC R S
R

= × × × = =

  Therefore, 10
20
S

=

2. (67) 

A P B

b

CD

L

Q T

x

l

  Let AB = l, AD = b

  ⇒  
61 61;

2022 2065
l b

AP AQ= =

  Draw a line parallel to PQ that passes through B and 
let it intersect AD at L Since, 

  ~APQ ABL∆ ∆

  ⇒  
2022
2065

AL AB b
AL

AQ AP
= ⇒ =

  Hence, L is a point inside the segment AD

  Observe that,
  ~ ,AXL CXB∆ ∆  since AD || BC

  ⇒  
2022
2065

AX AL

CX BC
= =

  ⇒  
1 2022

40871
= =

+

AX
CXAC
AX

  Since PQ || BL,

  ⇒  
61

2022
AT AP

AX AB
= =

  ⇒  
4087 67.

61
AC

AT
= =

3. (60°) A

F

D

CEB P

M

x

x

y

y a

x
2a – y

2a – y

2a – y

2a – y

  Let AB = 2a, MP = a
  BAE DAE x∠ = ∠ =   (AE is angle bisector)
  AEB EAD x∠ = ∠ =   (A.I.A.)
  ⇒  AB = BE = 2a
  BM = BP (Length of tangents are equal)

  As ||BP BM
MP AE

BE BA
= ⇒

  So, DBMP ~ DBAE

  
BM MP

BA AE
=

  ⇒  2 4 2
y a

a a y
=

−
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  ⇒  
2 22 0y ay a− + =

  ⇒  (y – a)2 = 0 ⇒  y = a
  So, DABE is equilateral triangle.
  So, 60 .x DAE= = ∠
4. (10) 3 2 9 8 27 26 81 80M M M M M→ + → + → + → +

  2 27 4 81 8 189 16 405→ + → + → + → +N N N N N

  81M + 80 = 16N + 405
  81M – 405 = 16N – 80
  81(M – 5) = 16(N – 5)
  Above equation is valid only when M = N = 5
  M + N = 10.

5. (95) 2 2 2 2( 1) ... ( 10)n m m m= + + + + +

  We know that, 2 2 2 ( 1)(2 1)1 2 ...
6

k k k
k

+ +
+ + + =

  ⇒  
2 ( 10)( 11)(2 21) ( 1) (2 1)

6 6
m m m m m m

n
+ + + − −

= −

	 	 After	simplification,
  n2 = 11(m2 + 10m + 35) = 11((m + 5)2 + 10)
  Let y = m + 5,
  n2 = 11(y2 + 10), since 11 is a prime 
  ⇒  11 divides y2  + 10

  ⇒  2 1y ≡  (mod 11)
  ⇒  y = 11s + 1, s∈N

  Hence, 
2

211 2 1
11
n

s s
  = ± + 
 

 = Perfect square

  Now substituting s = 1, 2 we obtain a perfect square 
for s = 2 and a ‘+’ sign as follows,

  

2
2 211(2) 2(2) 1 7 77

11
n

n  = + + = ⇒ = 
 

  y = 11s + 1 = 11(2) + 1 = 23 = m + 5 ⇒  m = 18
  ⇒  m + n = 18 + 77 = 95.
6. (43) , ,a b∈N
  a3 – b3 – ab = 25

  ⇒  
2 2( )[ ] 25a b a b ab ab− + + − =

  ⇒  
2( )[( ) 3 ] 25a b a b ab ab− − + − =

  Note that if 0,a b− ≤  then LHS < 0. So, a – b > 0
  (a – b)3 + 3ab(a – b) – ab = 25
  ⇒  (a – b)3 + ab[3(a – b) – 1] = 25
  Observe that, 3(a – b) – 1 > 0
  ⇒  a – b = 1 (or) 2 else LHS > 25
  Let a – b = 2,
  ⇒  8 + ab(5) = 25, but 5 ≠  8, hence contradiction
  Let a – b = 1,
  ⇒  1 + ab(2) = 25 ⇒  ab = 12

  ⇒  a = 4, b = 3
  Max (a2 + b3) = 42 + 33 = 43
7. (35) Let gcd(a, b) = d
  So, a = dp and b = dq with gcd(p, q) = 1
  Let b > a then q > p
  So lcm(a, b) = aq = bp = dpq > a + b if p, q > 1, which 

can	be	verified	easily.
  So, one of p, q is 1 or both p, q is 1.
  One of p, q is 1 implies one of a, b is multiple of 

another.
  Thet gives us (10, 20), (10, 30), (11, 22), .... (15, 30) 

that is 7 pair.
  If p = q = 1 then a = b then there are 21 possible pair.
  So total number of ordered pairs is 21 + 2 × 7 = 35
8. (32) q2 + 3p = 197p2 + q 
  ⇒  q(q – 1) = p(197p – 3) ...(i)
  Observe that prime q > p ⇒  p | q – 1
  So, let q = k1p + 1, 1k ∈N

  Now multiply 2
1k  throughout equation (i),

  
2
1 1 1 1( 1) (197 3 )k q q k p k p k− = −

       1( 1)(197 197 3 )q q k= − − −

  ⇒  
2
1 1197 197 3k q q k= − −

  ⇒  
2
1 1(197 ) 3 197k q k− = +  ...(ii)

  Hence, k1 can take values from 1 to 14.

  But 2 1
1

3 197
197

2
k

k
+

− ≤   (from (ii))

  ⇒  110 14k≤ ≤

  Substituting these 5 values for k1, we observe that q 
is an integer only for k1 = 14

  1
2
1

3 197
239 239,

197
k

q q
k

+
= = ⇒ =

−
 which is a prime.

  1 1 17q k p p= + ⇒ =

  

239 114 14, 1, 17
17 17

q
l m n

p
= = + ⇒ − = =

  l + m + n = 14 + 1 + 17 = 32.
9. (Bonus)

  

18
x

y

  If we take x = 18 then x – 18 < y < 18 + x
  0 < y < 36
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  So y can take 35 integral values.
  If we take x = 19, then 1 < y < 37
  So, y can take 35 integral value
  ⇒  If we take 18x ≥  we always get 35 integral value 

of y or in general
  y = x – 17, x – 16, ...., x + 17
  So, we can take any value of 18x ≥

10. (88) 9 8 7 6 5 4 3 2 1 0

  Total number of pairs = 9

Number of 
pairs exchange

Equation Number of 
solution

2 x1 + x2 = 8 9c1 = 9
3 x1 + x2 + x3 = 6 8c2 = 28
4 x1 + x2 + x3 + x4 = 4 7c3 = 35
5 x1 + x2 + x3 + x4 + x5 = 2 6c4 = 15
6 one way 1

Total = 88

11. (08) 

A B

C

D

E

Q

r

r
r

  Let CD = r = radius of smaller circle
  PCQE is cyclic quadrilateral.
  In PCQE by ptolmy’s theorem :
  PE × CQ + PC × QE = CE × PQ
  r × PE + r × QE = 2r × PQ
  2PQ = PE + QE    ...(i)
  Perimeter of DPEQ = 24
  PE + QE + PQ = 24
  PE + QE = 24 – PQ
  From equation (i)
  2PQ = 24 – PQ
  ⇒  3PQ = 24
  ⇒  PQ = 8.

12. (Bonus)

  
BT

P

1
x

h3

Q

C R

A

2

30° 60° 60°

60°

  Since, the problem asks for only ratios, we can assume 
AB  = 1, 3,AC =  BC = 2,

  Let AP = x, due to sin values,

  3 , 2AQ x PQ x= =

  Let h be the height of DAQP on QP,

  
1 1 3( ) ( 3 )
2 2 2

x
h PQ x x h= ⇒ =

  Height of trapezium  = height of DABC on BC – h

    
3 (1 )

2
x= −

  Let T be feet of ⊥  from P to BC,

  ⇒  
1cos 60

2
−

= =
x

BT BP

  ⇒  BR = PQ + 2BT (since it is isosceles trapezium)
         = 2x + 1 – x = 1 + x

  

12 3 12[ ] 2
1[ ] height × sum of || sides
2

el

ABC

BPQR

× × ×
=

×

          

2 3
3 (1 )(1 3 )

2
x x

=
− +

  ⇒  2
2[ ] 4 4
[ ] (1 )(1 3 ) 4 13

3 3

ABC

BPQR x x
x

= =
− +  

− − 
 

  Note that this expression has no upper bound and hence 
no maximum value. Thus, let us change this question 
and	find	the	minimum	value.	It	happens	when,

  

1 13 0
33

x x− = ⇒ =

  ⇒  
2[ ] 4min 3
[ ] 4 / 3

ABC

BPQR

 
= = 

 
  This question is solvable only if P, Q, R lie inside the 

sides of the triangle.
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13. (59) A

B
D

C

x

y zx + z

  In DABD, by sine rule:

   

sin
sin( )

AD y

AB x z
=

+

  ∵  x, y, z are in A.P. so x + z = 2y

   

sin sin
sin( ) sin 2

AD y y

AB x z y
= =

+

  In DABC by sine rule

   

sin[180 ( )] sin( )
sin sin

BC y z y z

AB z z

− + +
= =

  ∵  AD = BC

  \ sin sin( )
sin 2 sin

y y z

y z

+
=

  ⇒  
sin sin( )

2sin cos sin
y y z

y y z

+
=

  ⇒  sin z = 2sin (y + z) cos y
  ⇒  sin z = sin (2y + z) + sin z
  ⇒  sin (2y + z) = 0
  ⇒  2y + z = 180°
  ∵  y  < z
  ⇒  2y + y < 180
  ⇒  y < 60 largest value of 59∠ = °ABC

14. (16) ( )x y z
x y z

y z z x x y

 
+ + + + + + + 

   

2 2 2
( )x y z
x y z

y z z x x y
= + + + + +

+ + +

  ⇒  9 (x + y + z) = 64 + (x + y + z)
  ⇒  x + y + z = 8 ...(i)
  Similarly note that,

  

2 2 2
( )x y z
x y z

y z z x x y

 
+ + + +  + + + 

   

3 3 3
2 2 2( )x y z

x y z
y z z x x y

= + + + + +
+ + +

  ⇒  64(8) = 488 + x2 + y2 + z2

  ⇒  x2 + y2 + z2 = 24 ...(ii)
  From (i) and (ii),

       
2 2 2 2( ) ( ) 20

2
x y z x y z

xy yz zx
+ + − + +

+ + = =  ...(iii)

  Given,

  
1 1 1 9 3 12x y z

y z z x x y
+ + + + + = + =

+ + +

⇒  
1 1 1 12 3

2y z z x x y x y z
+ + = =

+ + + + +  (from (i)) ...(iv)

  ⇒  
1 1 1 12 3

2y z z x x y x y z
+ + = =

+ + + + +

  Observe that,

  

2 2 2 ( )x y z
x y z xy yz zx

y z z x x y

 
+ + = + + + + + + + 

    

1 1 1
xyz

y z z x x y

 
− + + + + + 

  From (ii), (iii), (iv)

  
324 9(20)

2
xyz

= −

  ⇒  xyz = 104 ...(v)
  Divide (ii) by (v),

  

2 2 2 24
104

x y z

xyz

+ +
=

  ⇒  
3

13
x y z

yz zx xy
+ + =

  ⇒  m = 3, n = 13
  ⇒  m + n = 16
15. (25) (x + y)2 = (x – y)2 + 4xy
         = (x – y)2 + 4
  So, 

  

2 2

2 2
( ) ( ) 2 ( ) ( ) 2
( ) ( ) 2 ( ) ( ) 2
x y x y x y x y

K
x y x y x y x y

+ − − − − − − +
= =

+ + − − − + − +

  Let x – y = a

   

2

2
2
2

a a
K

a a

− +
=

+ +

  (K + 1)a2 + (K + 1)a + 2(K – 1) = 0
  as a is real, so 0D ≥

  
2( 1) 4( 1)2( 1) 0K K K+ − − − ≥

  ⇒  
2 2( 1) 8( 1) 0K K+ − − ≥

  ⇒  [ (1 2 2) (1 2 2)][ (2 2 1) 1 2 2] 0K K+ + − − − − ≤

  ⇒  
2 2 1 2 2 1,
2 2 1 2 2 1

T t
+ −

= =
− +



IOQM 2022-23 (SOLUTIONS) 5

  ⇒  
2 2 1 2 2 1
2 2 1 2 2 1

T t
+ −

+ = +
− +

            

8 1 8 2 8 1 8 2
8 1

+ − + + +
=

−

            

18
7

m

n
= =

  ⇒  m + n = 18 + 7 = 25
16. (18) 3ab + 2 = 6b 

  ⇒  
6 2

3
b

a
b

−
=

  ⇒  3bc + 2 = 5c

  ⇒  
2

5 3
c

b
=

−

  ⇒  3ca + 2 = 4a

  ⇒  
6 2 2 6 23 2 4

3 5 3 3
b b

b b b

− −    + =    −    
  ⇒  27b2 – 39b + 14 = 0
  ⇒  27b2 – 18b – 21b + 14 = 0
  ⇒  (3b – 2) (9b – 7) = 0

  ⇒  
2 7,
3 9

b =

  When 7 8 3, and 
9 7 4

b a c= = =

      

7 8 3 2
9 7 4 3

r
abc

s
= × × = =

  When 2 2, 1 and
3 3

b a c= = =

      

2 2 41
3 3 9

t
abc

u
= × × = =

  \ r + s + t + u = 2 + 3 + 4 + 9 = 18
17. (19) f(n) = n – g(n)
  If n is even
  n = 8, g(8) = 4, f(8) = 4
  n = 50, g(50) = 25, f(50) = 25
  n = 12, g(12) = 6, f(12) = 6

  hence if n = x, where x is even, then ( )
2

=
x

f n

18. (70) Let gcd(m, n) = d
  ⇒  m = dp, n = dq, where gcd(p, q) = 1
   mn = gcd(m, n) × lcm(m, n) ⇒  lcm(m, n) = dpq
  Substituting them in the equation,
  dp + 3dq – 5 = 2dpq – 11d
  ⇒  d(p + 3q – 2pq + 11) = 5
  ⇒  d = 1 (or) 5
  Case 1 :
  d = 1 ⇒  p + 3q – 2pq + 11 = 5

  By rearranging and taking the terms common,
  (2q – 1)(2p – 3) = 15
  Observe that , 2 1 0 2 3 0∈ ⇒ − > ⇒ − >�p q q p  and 

so, we consider only positive divisors of 15.
  2q – 1 = 1; 2p – 3 = 15
  2q – 1 = 3; 2p – 3 = 5
  2q – 1 = 5; 2p – 3 = 3
  2q – 1 = 15; 2p – 3 = 1
  ⇒  (p, q) = (9, 1); (4, 2); (3, 3); (2, 8)
  But, the last 3 solutions are invalid, as the gcd(p, q) is 1.
  ⇒  (p, q) = (9, 1)
  ⇒  (m, n) = (dp, dq) = (9, 1)
  Case 2 :
  d = 5 ⇒  p + 3q – 2pq + 11 = 1
  ⇒  (2q – 1) (2p – 3) = 23
  ⇒  2q – 1 = 1; 2p – 3 = 23
  ⇒  2q – 1 = 23; 2p – 3 = 1
  ⇒  (p, q) = (13, 1); (2, 12)
  The latter solution is invalid.
  ⇒  (p, q) = (13, 1)
  ⇒  (m, n) = (dp, dp) = (65, 5)
  Hence, max (m + n) = 65 + 5 = 70
19. (09) Observe that after inserting the ‘+’ signs, the numbers 

that one would get are possibly 1, 11, 111. Rest all 
the numbers are greater than 1000. After splitting 
let the numbers of 1’s, 11’s, and 111’s be k1, k2, k3 
respectively.

  ⇒  k1 + 11k2 + 111k3 = 1000; k1 + 2k2 + 3k3 = n
	 	 Now	we	 just	 need	 to	 find	 the	 number	 of	 possible	

n’s such that k1 + 11k2 + 111k3 = 1000 and we need 
not	find	the	number	of	solutions	of	k1, k2, k3, since 

1 2 3 0, ,k k k ∈N

  n = 1000 – 9k2 – 108k3 gives the no. of values of n for 
2 3, 0k k ≥  and also we need 

  1 3 20 (3 2 ) 0k n k k≥ ⇒ − + ≥

  For 2 3, 0k k ≥
	 	 The	final	two	equations	are,

  3 2 3 21000 9(12 ); (3 2 ) 0n k k n k k= − + − + ≥

  Now 12k3 + k2 can take all the values from 0 to 111 
as there always exist a quotient and remainder when 
divide by 12.

  ⇒  n can take 112 values, but out of these some values 
will have n – (3k3 + 2k2) < 0 and we need to eliminate 
them.

20. (03) Let us assume we are setting one peak then it must be 
‘n’ and rest of the number can be arranged left right 
of it in 2n – 1 ways!!

  Removing strictly increasing (decreasing) arrangement 
we set 2n – 1 – 2 ways.
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  If we get n valley then it must be ‘1’ and again we get 
2n – 1 – 2 ways.

  Similarly if we get a valley, then it must be 1 and again 
we get 2n – 1 – 2 ways.

  Total ways = 2n – 1 + 2n – 1 – 4
              = 2 n – 4 = 4 (2n – 2 – 1)
  L(n) = 4(2n – 2 – 1)
  L(n) is perfect square
  ⇒  2n – 2 – 1 must be square.
  ⇒  2n – 2 – 1 ≡  1 (mod 8)
  ⇒  2 n – 2 ≡  2 (mod 8)
  ⇒  2 n – 3 ≡  1 (mod 4)
  ⇒  n = 3
21. (74) 

B

A

	 	 In	the	cube,	mark	the	alternate	vertices	with	‘•’	and	
‘×’ as shown in the diagram. Note that for any move, 
the ant alternates between a dot and a cross in each 
move. Suppose the ant starts from the vertex A and 
let the diagonally opposite vertex of A be B.

  According to the problem, we need to find the 
number of ways in which the ant covers 6 edges (not 
necessarily distinct) and come back to A after its 6th 
move.

  Since, the ant alternates the dot and the corss for any 
possible move of the ant, it should be at a cross after its 
5th move. Note that all the cross expect B are adjacent 
to A, and hence it can reach A. So, we need to subtract 
the no. of ways to reach B from the total number of 
ways for the 5 moves.

  There are a total of 3 paths to choose for the ant from 
each vertex and hence total of 35 ways for the 5 moves.

  N = 35 – (no. of ways to reach B in 5 moves)
  After 4 moves, the ant must be at ‘dot’ and all the dots 

except A are adjacent to B and hence it can move to 
B. Hence,

  No. of ways to reach B in 5 moves 
  = 34 – (no. of ways to reach A in 4 moves)
  Similarly arguing we get,
  No. of ways to reach A in 4 moves
  = 33 – (no. of ways to reach B in 3 moves)
  So we get,
  N = 35 – (34 – (33 – (32 – (3 – (no. of ways to reach B 

in 1 move)))))
  Since A and B are not adjacent and the ant starts from 

A, there is no way for the ant to reach B in 1 move.
  N = 35 – 34 + 33 – 32 + 3 = 183
  Sum of squares of digits of N = 12 + 82 + 32 = 74
22. (11) We note that each run of 1s is in friendly binary 

sequence has to have length two or more for 5,n ≥  
we partition the sequence counted by Fn into three 
cases.

  Case I : The	first	run	of	1s	has	length	atleast	three.	In	
this case, removing one of the 1s in the 1st run leaves 
a friendly sequence of length n – 1.

  Conversely every friendly sequence of length n – 1 
can be extended to a friendly sequence of length n by 
inserting a 1 into the 1st run of 1s.

  For Eg. : 0, 1, 1, 1, 1, 1, 0, 0, 1, 1, 0 can be mapped to 
           0, 1, 1, 1, 1, 0, 0, 1, 1, 0.
  so there are Fn – 1 sequences in this case.
  Case 2 : The 1st run of 1s has length two and the 1st 

term in the sequence is 1. In this case, the sequence 
begins with 1, 1, 0 and what follows is any one of the 
Fn – 3 friendly sequences of length n – 3.

  Case 3 : The	first	run	of	1s	has	length	two	and	the	1st 
term in the sequence is 0. In this case, the sequence 
begins 0, 1, 1, 0 and what follows is any one of the 
Fn – 4 friendly sequences of length n – 4. So from case 
1, 2 and 3, we conclude that Fn = Fn – 1 + Fn – 3 + Fn – 4.

  For 5,n ≥  by checking small cases, we verify that 
  F1 = 0, F2 = 1, F3 = 3, F4 = 4.
  Now by above recurrence, 
  F6 = F5 + F3 + F2 = 5 + 3 + 1 = 9
  F7 = F6 + F4 + F3 =9 + 4 + 3 = 16
  F8 = F7 + F5 + F4 = 16 + 5 + 4 = 25
  F9 = F8 + F6 + F5 = 25 + 9 + 5 = 39
  F10 = F9 + F7 + F6 = 39 + 16 + 9 = 64
  F11 = F10 + F8 + F7 = 64 + 25 + 16 = 105 > 100
  hence n = 11
23. (29) Let 2BAE CAE∠ = θ⇒ ∠ = θ

  Given that 
3 4sin , cos 30 45
5 5

θ = θ = ⇒ ° < θ < °

  Hence, 3 90BAC∠ = θ > °  is obtuse and ABC∠  will 
be acute, so the point E lies outside DABC as shown 
in	the	figure.

  

A

� ��
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3

B D C

E
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ACD h CD

× ×
= =

× ×

              
1 ( )( )sin
2

1 ( )( )sin 2
2

AB AD

AC AD

θ
=

θ
 (Since BD = CD)

  ⇒  
4 4 5

42cos 22
5

AC AC= = ⇒ =
θ  

 
 

  ⇒  
3 44cos3 cos 4cos 3cos

125
BACθ = ∠ = θ− θ = −

  By cosine law in DABC for the ,BAC∠

2 2 2
cos3

2
AB AC BC

AB AC

+ −
θ =

⋅

2
2 254

442
5 1252 4
2

BC + − 
 = = −
× ×

  ⇒  2 25 880 1 116 29
4 125 4 25

BC = + + = + +

  ⇒  BC2 = 29.29 units2

  Therefore, integer nearest to BC2 = 29.
24. (81) The number of ball in the boxes are in the form
  6k + r; r = {0, 1, 2, 3, 4, 5}
  Let the number of balls in the boxes be 6k + a, 6k + b, 

6k + c, 6k + d, respectively, where , , ,a b c d r∈  and 
are different from each other.

  So, 52 – (a + b + c + d) = 6n
  That gives a + b + c + d = 10 and no other values are 

possible to obtain distinct remainders
  ⇒  n = 7
  Case 1 :
  So, the remainders are 1, 2, 3, 4 and can be arranged 

4! ways.
  Now there are 7 identical collection of 6 balls each 

which we have to divide it into 4 distinct boxes.
  Using stars and bars method we get that,
  there are 10C3 = 120 ways to distribute them in those 

distinct boxes.
  So total number of ways is 120 × 24 = 2880.
  Case 2 :
  The remainders can also be 0, 2, 3, 5 (or) 0, 1, 4, 5 as 

it sums up to 10 as well.
  There are no more remainders which add up to 10.
  Hence we just get 3 × 2880 in total.
  But now, there could be some empty boxes due to that 

0 remainder and hence we need to subtract that out!, 
which is 

   4(2(3!) × 9C2) = 1728
   N = 3 × 2880 – 1728 = 6912
   a = 69; b = 12
  Hence, a + b = 81


