INMO (2023-24)

Time: 4 hours

INSTRUCTIONS

Calculators (in any form) and protractors are not allowed.

Rulers and compasses are allowed.

All questions carry equal marks. Maximum marks: 102.
No marks will be awarded for stating an answer without justification.

Answer all the questions.

Please read the instructions on the answer booklet very carefully before answering the questions.

In triangle ABC with CA = CB, point E
lies on the circumcircle of ABC such that
ZECB =90°. The line through E parallel to CB
intersects CA in F and AB in G. Prove that the
centre of the circumcircle of triangle EGB lies
on the circumcircle of triangle ECF.

All the squares of a 2024x2024 board are
coloured white. In one move, Mohit can select
one row or column whose every square is
white, choose exactly 1000 squares in this row
or column, and colour all of them red. Find the
maximum number of squares that Mohit can
colour red in a finite number of moves.

Let p be an odd prime number and a, b, ¢ be

integers so that the integers
22023 4 2023 1)2024 | (2024 (2025 4 52025

are all divisible by p. Prove that p divides each
ofa, b, and c.

A finite set S of positive integers is called
cardinal if S contains the integer |S|, where |S]
denotes the number of distinct elements in S.
Let f be a function from the set of positive
integers to itself, such that for any cardinal set
S, the set f(S) is also cardinal. Here f{S) denotes
the set of all integers that can be expressed as
f (a) for some a in S. Find all possible values
of (2024).

Note: As an example, {1, 3, 5} is a cardinal set
because it has exactly 3 distinct elements, and
the set contains 3.

Let points 4,,4,, and 4, lie on the circle I" in
counter-clockwise order, and let P be a point in
the same plane. Forie {1, 2, 3}, let t, denote the
counter-clockwise rotation of the plane centred
at 4, where the angle of the rotation is equal
to the angle at vertex A, in A4,4,4,. Further,
define P, to be the point t,,,(t,(t,,(P))), where
indices are taken modulo 3 (ie., t, = T, and
15 =1,). Prove that the radius of the circumcircle
of AP, P, P, is at most the radius of I'.

For each positive integer n > 3, define A and
B, as

A= \/n2+1+\/n2+3 +...+\/n2+2n—1,
B, —vn?+2+vVn?+4+. . +n?+2n.

Determine all positive integers n > 3 for which
[A,]=[B,].

Note. For any real number x, [x] denotes the
largest integer N such that N <x.



2023/24-2

&

We have FG = FA since FG is parallel to BC.
But also AGAE is a right angle triangle.

Thus, if F' is the midpoint of GE, then
ZGAF = £ FGA = £ F'GA = Z GAF’ which
implies F = F'. Thus, F is the midpoint of GE.
If O is the circumcenter of A EBG, then

/ FOE=/ZGBE=/ ABE=/ ACE = Z FCE.
Thus, we get £ FOE = £ FCE as desired.

Let n = 2024 and k = 1000. We claim that
the maximum number of squares that can
be coloured in this way is k(2n — k), which
evaluates to 3048000.

Indeed, call a row/column bad if it has at least
one red square. After the first move, there are
exactly k + 1 bad rows and columns: if a row
was picked, then that row and the k columns
corresponding to the chosen squares are all
bad. Any subsequent move increases the
number of bad rows/columns by at least 1.
Since there are only 2n rows and columns,
we can make at most 2n — (k + 1) moves after
the first one, and so at most 2n — k moves can
be made in total. Thus we can have at most
k(2n — k) red squares.

To prove this is achievable, let’s choose each
of the n columns in the first n moves, and
colour the top k cells in these columns. Then,
the bottom n — k rows are still uncoloured,
so we can make n — k more moves, colouring
k(n +n—Xk) cells in total.
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Hints & Solutions

Set k£ = 2023. If one of @, b, ¢ is divisible by
p, then all of them are. Indeed, for example,
if p | a, then p | a* + b¥ implies p | b, and then
p | BFT1+ &1 implies p | ¢. The other cases
follow similarly.
So for the sake of contradiction assume none of
a, b, ¢ is divisible by p. Then
ak(kt2) = (ak)k+2 = (_bk)k+2 = —pk(k+2) (mod p)
and akk+2) = (ak+2)k - (_Ck+2)k

= —ck(k*2) (mod p).
So, bk(k+2) = ck(k*2) (mod p). But then

k(k+2). o= C(k+1)2 =(-pkH)krl= b(k+l)2 =pk(k+2).

b = ckk*2) . b (mod p)which forces b = ¢ (mod
p). Thus 0 = bk + ¢kl = 2K+l (mod p)
implying p | b, a contradiction. Thus the proof
is complete.

The possible values are 1, 2, and 2024.
Construction. The function f(x) = 1 for all
x € N works. Also, f(x) = 1 for all x # 2024
and f(2024) = 2, works. Finally, f(x) = x for all
x € N works as well.

It remains to show these are the only possible
values for f(2024).

Proof. Denote Im(f) = {f(x) | x € N}. The
cardinal set {1} gives f(1) = 1. Consider the
following two cases:

Im(f) is unbounded. Fix any n € N, with
n > 1. Pick n—1 distinct integers k,, . . .,
k _, such that f(k.)¢ {n, f(n)} and f(k,) are
all pairwise distinct, for 1 < i < n. Then
{n,k, ...,k _,} is a cardinal set. Then {f(n),
ftk,), . . ., f(k,_} is a cardinal set with n
distinct elements, so n lies in this set, hence
f(n) = n . This gives the identity function.
Im(f) is bounded. Suppose f(x) < M for all
x € N and some integer M > 0.
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Claim For any integer a satisfying
1 < a < M, if there are infinitely many
integers neN such that f(n) = a, then
a=1.

Proof. Let b > 1 be one of the integers
with f(b) = a. Consider b — 1 other
integers ¢, . . ., ¢,_;, such that f{c) = a for
1 <i<b, and c; are all pairwise distinct. Then
{b,c, ..., ¢y} is acardinal set, so the image
set, which consists of the singleton {a}is
cardinal, hence a= 1.

So for every 2 < m < M, there are only
finitely many integers x such that f(x) = m
Thus, there exists an integer N > 1 such
that for all n > N, f(n) = 1. Now for every
1</<N,considerthecardinalset {/,N+1,N+2,...,
N + ¢ — 1 1}. Then the image set consists of
{1, f(£)}, which can be cardinal only when
f(0)=1or f(¢) =2.

By the above reasoning, f(2024) can only be 1,
2, or 2024, each of which occurs as an example.
Fix anindex i € {1, 2, 3}. Let D,,D,,D, be the
points of tangency of the incircle of triangle
AAALA, with its sides A,ALAA LA A,
respectively. The key observation is that
given a line € in the plane, the image of ¢
under the mapping T;,, (ri(ri+1(€))) is a
line parallel to €. Indeed, { 1s rotated thrice by
angles equal to the angles of AA A,A;, and
the composition of these rotations induces a
half-turn and translation on € as the angles of
AA,A,A; add to 180°. Since D, is a fixed point
of this transformation (by the chain of maps

D; —5 Dy, ) — > Dy —2 Di)

we conclude that the line PD; maps to the line

T

ﬁ . But the two lines are parallel and both of
them pass through D, hence they must coincide,
soD;lieson P_Pl .Further, eachrotation preserves
distances, hence P, is the reflection of P in D,.
In other words, the triangle P,P,P, is obtained
by applying a homothety with ratio 2 and
center P to the triangle D,D,D,. Thus, the
radius of the circumcircle of AP P,P, is twice
the radius of the circumcircle of AD,D,D5, i.e

twice the radius of the incircle of AA A A,
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which is known to be at most the radius of the
circumcircle I

LetM:nz + —n.

1
Lemma 1. B fAn < E

Indeed.

B,-A) = Zn:(\/nz + 2k —/n? +2k—1)
k=1
n 1 n 1
= <y —
k=1\/n2+2k+\/n2+2k—1 k=120

n 1

" 2n 2

proving the lemma.

Lemma 2. An <M< Bn.
Proof. Observe that

(A, —n2)= (\/n +2k-1- n)
kzz:l Z\/n +2k-1+n

n
as Z(2k—1)=n2’ provingAn7n2< g orA,
k=1

<M. Similarly,

(B, —n?)= S (\jn2+2k—n)= y
! 1<Z::1 kZ::l\/n +2k+n

n(n+1) n

z >
(n+1)+n 2n+1 = 2

as Z (2k)=n(n+ 1), s0 B, -n?> = hence
k=1

B, > M, as desired.

By Lemma 2, we see that A and B, are positive
real numbers containing M between them.
When n is even, M is an integer. This implies
[A, <M, but [B,]>M, which means we cannot
have [A ] =[B,].
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When n is odd, M is a half-integer, and thus

1 .
M- B and M + 7 are consecutive integers.

So the above two lemmas imply

1
M=~ <B,~(B,-A)=A, <B,=A,+(B,-A,)

1
< + —.
M 2
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1
This shows [A ] =[B,] =M — 5
Thus, the only integers n > 3 that satisfy the
conditions are the odd numbers and all of them
work.



