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Laws of Motion

Topic-1: Ist, lInd & llird Laws of Motion

MCQs with One Correct Answer

A block of mass 5 kg moves along the x-direction subject
to the force F =(—20x + 10) N, with the value of x in metre.
Attime t=0s, it is at rest at position x = 1 m. The position

and momentum of the block at ¢ = (%) s are [Adv.2024]

(@) —0.5m,5kgm/s (b) 0.5m,0kgm/s
(¢) 0.5m,—5kgm/s (d) -1 m,5kgm/s
A particle of mass m is moving in the xy-plane such that
its velocity at a point (x, y) is given as v = a(yx + 2x3),
where o is a non-zero constant. What is the force F acting

on the particle? [Adv. 2023]

(@) F=2ma? (xf(+y§1) () F=ma? (yf(+2x§l)
() F=2ma? (yf(+x§l) (d) F=moa? (x5(+2y§l)
A particle moves in the X-Y plane under the influence of a
force such that its linear momentum is
p(t) = A[i cos(kt)— jsin(kt)], where 4 and k are
constants. The angle between the force and the momentum
is [2007]
(@ O° (b) 30° (c) 45° (d) 90°

4 Fill in the Blanks

4.

The magnitude of the force (in newtons) acting on a body
varies with time ¢ (in micro seconds) as shown in the fig
AB, BC and CD are straight line segments. The magnitude
of the total impulse of the force on the body from ¢ =4 us

tot=16USiS...ccuennenee. Ns. [1994 - 2 Marks]
C
800
I 600 +
3
S 400 1
&
=~ 200 A B
| | N W O
T T T T T 1
0 2 4 6 8§ 10 12 14 16

Time (n s)—>

5 True / False

5.

A rocket moves forward by pushing the surrounding air
backwards. [1980]

6 MCQs with One or More than One Correct Answer

6.

A reference frame attached to the earth
[1986 - 2 Marks]

(@) isan inertial frame by definition.

(b) cannot be an inertial frame because the earth is
revolving round the sun.

(c) 1is an inertial frame because Newton’s laws are
applicable in this frame.

(d) cannot be an inertial frame because the earth is
rotating about its own axis.

9 Assertion and Reason Type Questions

7.

Statement-1 : It is easier to pull a heavy object than to

push it on a level ground and

Statement-2 : The magnitude of frictional force depends

on the nature of the two surfaces in contact. [2008]

(@) Statement-1 is True, Statement-2 is True; Statement-
2 is a correct explanation for Statement-1

(b) Statement-1 is True, Statement-2 is True; Statement-
2 1s NOT a correct explanation for Statement-1

(c) Statement-1 is True, Statement-2 is False

(d) Statement-1 is False, Statement-2 is True

Statement-1 : A cloth covers a table. Some dishes are kept

on it. The cloth can be pulled out without dislodging the

dishes from the table.

Statement-2 : For every action there is an equal and

opposite reaction. [2007]

(@) Statement-1 is True, Statement-2 is True; Statement-
2 is a correct explanation for Statement-1

(b) Statement-1 is True, Statement-2 is True; Statement-
21is NOT a correct explanation for Statement-1

(c) Statement-1 is True, Statement-2 is False

(d) Statement-1 is False, Statement-2 is True.
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Topic-2: Motion of Connected Bodies, Pulley & Equilibrium of Forces

I MCQs with One Correct Answer

Two particles of mass m each are tied at the ends of a light
string of length 2a. The whole system is kept on a frictionless
horizontal surface with the string held tight so that each
mass is at a distance 'a' from the centre P (as shown in the
figure).

Now, the mid-point of the string is pulled vertically upwards
with a small but constant force F. As a result, the particles
move towards each other on the surface. The magnitude
of acceleration, when the separation between them
becomes 2x, is [2007]

F F
) —
()Zm
F

(b)

2m

a
[2_ 2
X
[2_ 2

Os
~
Os

Fx
2m a

F A~ a’ —x*
@

m X
The string between blocks of
mass m and 2m is massless and
inextensible. The system is
suspended by a massless
spring as shown. If the string
is cut find the magnitudes of
accelerations of mass 2m and
m (immediately after cutting)

[2006 - 3M, 1]

(©

@ g2 ® g3 ——"
© 3¢ @ 5.3

A string of negligible mass going over a clamped pulley of
mass m supports a block of mass M as shown in the figure.
The force on the pulley by the clamp is given by [2001S]

@ 2Mg "
(b) 2mg
© JM+m)y+m® g

) J(M+m) +M g

The pulleys and strings shown in the figure are smooth
and of negligible mass. For the system to remain in
equilibrium, the angle 6 should be [2001S]

@ 0 M
(b) 30°

() 45°

d 0
(d) 60 o

5 True / False

5.

The pulley arrangements of Figs. (a) and (b) are identical.
The mass ofthe rope is negligible. In (a) the mass m is lifted
up by attaching a mass 2m to the other end of the rope. In
(b) , m is lifted up by pulling the other end of the rope with
a constant downward force F'=2 mg. The acceleration of m
is the same in both cases [1984 - 2 Marks]

m F=2mg
m 2m

(@ (b)

6 MCQs with One or More than One Correct Answer

6.

One end of a horizontal uniform beam of weight # and
length L is hinged on a vertical wall at point O and its other
end is supported by a light inextensible rope. The other
end of the rope is fixed at point 0, at a height L above the
hinge at point O. A block of weight a /¥ is attached at the
point P of the beam, as shown in the figure (not to scale).
The rope can sustain a maximum tension of ( 22 ) W.
Which of the following statement(s) is(are) correct ?

[Adv.2021]

PLs

N
A
A
A
A

L] A
A
g
0 w

'2! p
7 L i ow
A
A
A

(@) The vertical component of reaction force at O does
not depend on o

(b) The horizontal component of reaction force at O is
equal to Wfor a.=0.5

(c) Thetension in the rope is 2 for a.=0.5

(d) Theropebreaksifo>1.5
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1.

A block of mass 2M is attached to a massless spring with
spring-constant k. This block is connected to two other
blocks of masses M and 2M using two massless pulleys
and strings. The acceleration of the blocks are «a, , a, and
a, as shown in the figure. The system is released from rest
with the spring in its unstretched state. The maximum
extension of the spring is x,. Which of the following
option(s) is/are correct? [g is the acceleration due to
gravity. Neglect friction] [Adv. 2019]

2M

X
(@) Atan extension of TO of the spring, the magnitude

of acceleration of the block connected to the spring

i 32
1810

Physics

. . ) X
(c) When spring achieves an extension of 70 for the

first time, the speed of the block connected to the

L fM
spring is 3g Sk

(d a,—a,=a —a,

In the arrangement shown in the Fig, the ends P and Q of
an unstretchable string move downwards with uniform
speed U. Pulleys 4 and B are fixed. [1982 -3 Marks]

Mass M moves upwards with a speed

(@ 2Ucos 0
(b) U/cosB
(c) 2U/cosH

(d Ucosb

10 Subjective Problems

9.

Two blocks of mass 2.9 kg and 1.9 kg are
suspended from a rigid support S by two S
inextensible wires each of length 1 meter,
see fig. The upper wire has negligible mass
and the lower wire has a uniform mass of 0.2
kg/m. The whole system of blocks wires and
support have an upward acceleration of 0.2
m/s?. Acceleration due to gravity is 9.8 m/

2.9@

s2. [1989 - 6 Marks]

() Find the tension at the mid-point of the
lower wire.

(i) Find the tension at the mid-point ofthe 1.9 kg
upper wire.

Topic-3: Friction

I MCQs with One Correct Answer

A block of mass m is on an inclined plane of angle 0. The
coefficient of friction between the block and the plane is p
and tan 0 > p. The block is held stationary by applying a
force P parallel to the plane. The direction of force pointing
up the plane is taken to be positive. As P is varied from
P, = mg(sin0 — p cos0 ) to P, = mg(sin0 + u cos0), the

frictional force f'versus P graph will look like [2010]
A A
N [ -
@ [P \ P | PP
/ A
L, / [ P, P,
© T/ = @ ‘ T

A block ofbase 10 cm % 10 cm and height 15 cm is kept on
an inclined plane. The coefficient of friction between them
is /3. The inclination 0 of this inclined plane from the
horizontal plane is gradually increased from 0°. Then
[2009]
(@) at©=30°, the block will start sliding down the plane
(b) theblock will remain at rest on the plane up to certain
0 and then it will topple
(c) at08=060°, the block will start sliding down the plane
and continue to do so at higher angles
(d) at©=060°, the block will start sliding down the plane
and on further increasing 0, it will topple at certain 6.
What is the maximum value of the force F such that the
block shown in the arrangement, does not move? [2003S]

F
il
. m= \/3kg / 23
() 20N (b) 10N (c) 12N (d) 15N
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4.

An insect crawls up a hemispherical surface very slowly
(see fig.). The coefficient of friction between the insect
and the surface is 1/3. If the line joining the center of the
hemispherical surface to the insect makes an angle o with
the vertical, the maximum possible value of a. is given by

[2001S]

(@ cota=3 (b) tano=3
(c) seca=3 (d) coseca=3
A block of mass 0.1 kg is held against a wall applying a
horizontal force of 5 N on the block. If the coefficient of
friction between the block and the wall is 0.5, the magnitude
of the frictional force acting on the block is :

[1994 - 1 Mark]
@ 25N (b) 098N (c) 49N (d) 049N
A block of mass 2 kg rests on a rough inclined plane making
an angle of 30° with the horizontal. The coefficient of static
friction between the block and the plane is 0.7. The
frictional force on the block is [1980]

(@ 98N (®) 0.7x9.8x~3N
(©) 9.8x+3N (d) 0.7x9.8N

2 Integer Value Answer

A block is moving on an inclined plane making an angle
45° with the horizontal and the coefficient of friction is .
The force required to just push it up the inclined plane is 3
times the force required to just prevent it from sliding down.
Ifwe define N =10 p, then N is [2011]
A block of mass 1 kg lies on a horizontal surface in a truck.
The coefficient of static friction between the block and the
surface is 0.6. If the acceleration of the truck is 5 m/s2, the
frictional force acting on the block is ..... newtons.

[1984 - 2 Marks]

5 True / False

9.

When a person walks on a rough surface, the frictional
force exerted by the surface on the person is opposite to
the direction of his motion. [1981 - 2 Marks]

6 MCQs with One or More than One Correct Answer
10. A small block of mass of 0.1 kg lies on a

fixed inclined plane PQ which makes an

angle 0 with the horizontal. A horizontal

force of 1 N acts on the block through its

centre of mass as shown in the figure.
[2012]

The block remains stationary if (take g = 10 m/s?)

(@) 6=45°

(b) 6>45°and a frictional force acts on the block towards P.

(c) 6>45°anda frictional force acts on the block towards Q.

(d) 6<45°anda frictional force acts on the block towards Q.

11.

7

12.

Al7

A particle P is sliding down a frictionless hemispherical
bowl. It passes the point 4 at = 0. At this instant of time,
the horizontal component of its velocity is v. A bead Q of
the same mass as P is ejected from A at # = 0 along the
horizontal string 4B, with the speed v. Friction between
the bead and the string may be neglected. Let ¢, and ¢, be
the respective times taken by P and Q to reach the point B.

Then : [1993-2 Marks]
A Q B

b)) tp=1p

() tp>1g p C

tp _ length of arc ACB
(d) ) - length of arc 4B

Match the Following

A block of mass m; = 1 kg another mass m, = 2 kg, are
placed together (see figure) on an inclined plane with angle
of inclination 6. Various values of 6 are given in List-I. The
coefficient of friction between the block m, and plane is
always zero. The coefficient of static and dynamic friction
between the block 7, and the plane are equal to p=0.3. In
List-II expressions for the friction on block m, are given.
Match the correct expression of the friction in List-II with
the angles given in List-I, and choose the correct option.
The acceleration due to gravity is denoted by g.

[Useful information: tan (5.5°) ~ 0.1;tan (11.5°) ~0.2; tan
(16.5°) = 0.3 [Adv.2014]

List-1 List-11 m,
P. 0=5° 1. m,gsin0
Q. 0=10° 2. (m;+m,)gsinO
R 0=15° 3. um,g cosO
S. 0=20° 4. u(m, +m,)gcosd
Code:

@ P-1,Q-1,R-1,S-3
(©) P-2,Q2,R-2,S4

(b) P2,Q-2,R-2,S3
d) P2,Q-2,R-3,S3

10 Subjective Problems

13.

A circular disc with a groove
along its diameter is placed
horizontally on a rough surface.

2
Ablock of mass 1 kg is placed 3™

as shown. The co-efficient of 0
friction between the block and
all surfaces of groove and
horizontal surface in contact is

3 2
u 5
The disc has an acceleration of 25 m/s? towards left. Find

the acceleration of the block with respect to disc. Given

4 . 3
cos 0 =§, sin =§, [2006 - 6M]



AlS8

14.

15.

16.

17.

Two block 4 and B of equal
masses are placed on rough
inclined plane as shown in figure.

When and where will the two
blocks come on the same line on
the inclined plane if they are
released simultaneously?

Initially the block 4 is /2 m behind the block B. Co-
efficient of kinetic friction for the blocks 4 and B are 0.2
and 0.3 respectively (g =10 m/s?). [2004 - Marks]
In the figure masses m |, m, and M are 20 kg, 5 kg and 50 kg
respectively. The coefficient of friction between M and
ground is zero. The coefficient of friction between m and
M and that between m, and ground is 0.3. The pulleys and
the strings are massless. The string is perfectly horizontal
between P, and m| and also between P, and m,. The string
is perfectly vertical between P, and P,. An external
horizontal force F is applied to the mass M. Take
g=10m/s%, [2000 - 10 Marks]

P M —r

my

N

T7T77T77777777777777 777771777777 17777 771777717 777777777

(@) Draw a free body diagram for mass M, clearly showing
all the forces.

(b) Letthe magnitude of the force of friction between m,
and M be f; and that between m, and ground be f,.
For aparticular Fitis found that f, = 2f,. Find f, and £,
Write equations of motion of all the masses. Find F,
tension in the string and acceleration of the masses.

A particle of mass m rests on a horizontal floor with which
it has a coefficient of static friction p . It is desired to make

the body move by applying the minimum possible force F.
Find the maguitude of F and the direction in which it has
to be applied. [1987 - 7 Marks]

Masses M,, M, and M, are connected by strings of
negligible mass which pass over massless and friction less
pulleys P, and P, as shown in fig The masses move such
that the portion of the string between P, and P, in parallel
to the inclined plane and the portion of the string between
P, and M, is horizontal. The masses M, and M, are 4.0 kg
each and the coefficient of kinetic friction between the

18.

19.

20.

Physics

masses and the surfaces is 0.25. The inclined plane makes
an angle of 37° with the horizontal. [1981- 6 Marks]

Py

Ifthe mass M| moves downwards with a uniform velocity,
find

() the massof M,

(i) The tension in the horizontal portion of the string
(g=9.8 m/sec?, sin 37° ~ 3/5)

A horizontal uniform rope of length L, resting on a
frictionless horizontal surface, is pulled at one end by force
F. What is the tension in the rope at a distance / from the
[1978]

end where the force is applied?

Two cubes of masses m,; and
m, be on two frictionless
slopes of block A4 which rests
on a horizontal table.

The cubes are connected by
a string which passes over a
pulley as shown in the figure.
To what horizontal
acceleration

/fshould the whole system (that is blocks and cubes) be
subjected so that the cubes do not slide down the planes.
What is the tension of the string in this situation? [1978]

In the diagram shown,
the blocks A4, B and C
weighs, 3 kg, 4 kg and
5 kg respectively. The

coefficient of sliding
friction between any

two surface is 0.25. 4 is held at rest by a massless rigid rod
fixed to the wall while B and C are connected by a light
flexible cord passing around a frictionless pulley. Find the
force F necessary to drag C along the horizontal surface
to the left at constant speed. Assume that the arrangement
shown in the diagram, B on C'and 4 on B, is maintained all
through. (g=9.8 m/s?) [1978]
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1.

3.

Al9

Topic-4: Circular Motion & Banking of Road

I MCQs with One Correct Answer

Aball of mass (m) 0.5 kg is attached
to the end of a string having length
(L) 0.5 m. The ball isrotated on a
horizontal circular path about :
vertical axis. The maximum tension L/ |
that the string can bear is 324 N. :
The maximum possible value of :

|

[

anguar velocity of ball (in radian/s)

is 2o11] "

@ 9 (b) 18 (0 27 d) 36

A small block is shot into each ofthe four tracks as shown
below. Each of the tracks rises to the same height. The
speed with which the block enters the track is the same in
all cases. At the highest point of the track, the normal
reaction is maximum in [2001S]

2 Integer Value Answer

A thin circular coin of mass 5 gm and radius 4/3 cm is
initially in a horizontal xy-plane. The coin is tossed
vertically up (+z direction) by applying an impulse of

\/g X 1072 N —s ata distance 2/3 cm from its center. The

coin spins about its diameter and moves along the +z
direction. By the time the coin reaches back to its initial
position, it completes n rotations. The value of n is
[Given: The acceleration due to gravity g=10 m s 2]

[Adv. 2023]

S
f

Impulse

5 True / False

4.

A simple pendulum with a bob of mass m swings with an
angular amplitude of 40°. When its angular displacement

is 20°, the tension in the string is greater than mg cos 20°.
[1984 - 2 Marks]

6 MCQs with One or More than One Correct Answer

5.

A wire, which passes through the hole in a small bead, is
bent in the form of quarter of a circle. The wire is fixed
vertically on ground as shown in the figure. The bead is
released from near the top of the wire and it slides along
the wire without friction. As the bead moves from 4 to B,

the force it applies on the wire is [Adv. 2014]
(@) alwaysradially outwards
A

(b) alwaysradially inwards
(¢) radially outwards initially

and radially inwards later
(d) radially inwards initially 90°

and radially outwards later B

A simple pendulum of length L and mass (bob) M is
oscillating in a plane about a vertical line between angular
limit —¢ and +¢. For an angular displacement 0( |0] < ¢), the
tension in the string and the velocity of the bob are T"and
V respectively. The following relations hold good under
the above conditions : [1986 - 2 Marks]
(@) TcosB=Mg.

(b)
©

T—Mgcos 6=

The magnitude of the tangenial acceleration of the

bob |a; | =gsin O
(d T=MgcosH

10 Subject Problems

A smooth semicircular wire-track of radius R is fixed in a
vertical plane. One end of a massless spring of natural
length 3R/4 is attached to the lowest point O of the wire-
track. A small ring of mass m, which can slide on the track,
is attached to the other end of
the spring. The ring is held
stationary at point P such that
the spring makes an angle of
60° with the vertical. The
spring constant K= mg/R.
Consider the instant when the
ring is released, and (i) draw
the free body diagram of the
ring, (ii) determine the
tangential acceleration ofthe
ring and the normal reaction.
[1996 - 5 Marks]
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Answer Key

Physics

©

(b)

(@)
(@)

(d)

8

Topic-1 : Ist, lind & llird Laws of Motion

. @)

@) 3. () 4. (0005) 5. False 6. (b,d) 7. ®b) 8. (b)
Topic-2 : Motion of Connected Bodies, Pulley & Equilibrium of Forces
©) 3. (d) 4. () 5 False 6. (abd) 7 (@ 8 (b)
Topic-3 : Friction
(b) 3. () 4. @ 5 b 6 @ 7.6 8 O
Topic-4 : Circular Motion & Banking of Road
(@) 3. (30) 4. False 5. (d) 6. (b,c)

9. False10. (a,c)




Laws of Motion

Topic-1:Ist, lInd & llird Laws of Motion

(¢) Given mass of block = 5 kg moving along the
x - direction subject to the force F = (—20x + 10)N with the
value of X in metre.

F  F=(-20x+10)N
Acceleration a =—<«—————|m=5kg| t = 0;
cceleration m 0’

v=0;x=1m
-2
_T20x+10 5
5
Also, a=LdX=—4X+2
dx

v X 2
J.vdv =J.(—4x+2)dx —>V7= (—2x2 +2x)
0 1

X
1

or, v=-2,/yx_x? [since particle starts moving in—ve
x - direction] i
X=X Z
dx
= 2x-x’ > j ZIdt
0

x=1 VX_Xz o

T
or, sin! [2x-1]{ = 3

dx
dt

Position x =0.5m

And since v = -2vx —x2 = -240.5-(0.5)* = —Im/s

Momentum P=mv =5 (-1)=—5kgms~!
(a) '.';/zoc(y;(+2x§/)
a=ﬂ=a(ﬂ;{+2d—x§)
dt dt dt
~ ~ ~ ~ F A A
x+2VXy)—oc(2xocx+2ocyy) =2a [xx+yy}

= \/y

(d) Given : momentum p (t) = A[i cos (kt)— jsin (kt)]

And, force, F= d_p =
dt
Here, F.P=0 But F.p= Fpcos6

cos® =0 = 9=90°.
Hence, angle between the force momentum, 6 = 90°
(0.005) Area under the F — ¢ graph gives the impulse
imparted to the body.
The magnitude of total impulse of force on the body from
t=4pustot=16 s
= area (BCDFEB)
= area of BCFEB + area CDFC

Ak [~isin (kt)— jcos (kt)]

F A
(inN)
800
600 4

400 4

0 24 6 8101214167
(in ps)

1 o 1 _
= (200+800) x2x10 6+E><10><800><10 6

Reaction

= 0.001+0.004 =0.005Ns
False : The forward motion of rocket
is due to the exhaust gases, thrown
backward not due to surrounding air
pushing backwards.
Here exhaust gases thrown
backwards is action and rocket
moving forward is reaction.
This phenomenon takes place in the
absence of air as well.
(b, d) Earth is an accelerated frame and hence, cannot be
an inertial frame.
Earth is revolving round the sun and is rotating about its
own axis.
(b) It is easier to pull a heavy object than to push it on a
level ground. This is because the normal reaction in the case
of pulling is less as compared by pushing. (f= p N). Therefore
the frictional force is small in case of pulling.
The magnitude of frictional force depends on the nature of
the two surfaces in contact. But is not the currect
explanation of statement-1.
(b) Cloth can be pulled out without dislodging the dishes
from the table because of inertia.
Law of inertia is the Newton's first law of motion.
For every action there is an equal and opposite reaction.
This is Newton's third law of motion.

Rocket

"Exhaust gases
Action

ﬁ Topic-2: Motion of Connected Bodies, Pulley
=

& Equilibrium of Forces

(b) From figure, acceleration
of mass m is due to the force T’

cos 0

T cos O = ma

3 T cos©
m

= a
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F a=g/3 ... (ii1)
also, F=2Tsin0 = T= 2sin0 Case (b) T—mg=ma'
Putting this value of T in eqn. (i) = 2mg-mg=ma
_( F cosb [ T=2mg] .
a 2sin0 ) m SLooad=g ..(1v)
Hence, from eq (iii) & (iv) a < '
F F X a2 — xz mg  F=2mg
“omand g2 2 || 6 anoe
mtan mJ.2 x y [0
\
2. (¢) Before the string is cut the tension 7 has to hold 5
both the masses 2m and m therefore, /1 T
T=3mg L;
When the string is cut, the mass m is a freely falling body and ;
its acceleration = acceleration due to gravity = g. A 0
A0 WA
For mass 2m, just after the string is cut, N P
T remains 3mg because of the extension Ve L >|
of string. 5 oW
7
S 3mg-2mg=2mxa = —= mg 2mg A
3. () Atequilibrium 7'= Mg ]
F.B.D. of pulley Since 0Q = OP
L LP=/0=45°
I At equilibrium, about point 'O’
L T .
T e Ry +—==W+alW ()
mg A \/E
T
F = — 1
Ve F=(miMg and R, N .. (i)
=(m+
Fi=(m+ Mg Torque about point 'O’ is zero
The resultant force on pulley
L T . w
_ 2 72 2 2 So, = - ..T:«/E —+al ... (iii)
=R T e M2 M2 g W el =L [2 j
As pulley is on rest. So force applied by clamp should be T W
equal to 'F' and opposite to it. SR =——== [—+ OLWJ
4. (¢) The tension in both strings will be same due to \/E 2
symmetry. Therefore for o = 0.5
w w
R, =—+aW =—+05W
F 2 2
rom figure,
T=mg or Rx =W
i.e., the horizontal component of reaction force at, 0, R, =
W for o= 0.5
Now torque about point P
mg mg L
For equilibrium T, yL =W £}
x/Emg:Tcose+Tcosez2Tcos9 = R W
x/Emg =2(mg)cosO Y2
0— 1 The vertical component of reaction force at O does not
cos _E = 0=45 depend on o
5. False: From FBD, shown in case (a) for mass m As per question, rope can sustain a maximum tension of
T—mg=ma ..() 2ﬁW
For mass 2m w
N2 =2 =t oW
Case (a) 2
2mg—T=2ma .. (i)

From (i) and (ii)
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1
= 2=—+4a
2
3
o=—
2
(d) According to
constraint relation
from figure,
B az +a3
! 2

=a,+a;=2a,
= a2+a3:al+a1

= 31733232731

= Option (d) is correct
Let ‘x* be the extension of the spring at a certain instant

2T - Kx=2Ma, N
2Mg - T = 2Ma, —>a
Mg — T = Ma, Kx 2T
On solving we get,
4g 3k _—3K( _Smg) Me
477 1M MU 3K -0
Comparing it with a = — @*(x — Xo)
, 3k _ |3k
R VIVERE R TPV,
g Mg 2k ]
an = 7 7 ...(ll)
For a, = 0 (Maximum extension of spring) we have from (i)
dg kx
7 14M
2T
g = KX _ 8Mg
&7 oM T3 . @
o 16Mg \L Tsl'
° 3k & a
X _1{16Mg) _4Mg
Foror="4"43x )™ 3

Fromeqn. () a,= — ~ 7 %X 5_ =
X0 S . . .
Atx= X particle is at mean position and its velocity = A®

~xp | 3k _8Mg | 3k
"o V1aM 3k V1aM

(b) Here from figure, AN = x (= constant as pulley 4 and

dz
B are fixed), NO = z. Then velocity of mass m = E Also,

d/
let O4 =/ then —=U
dt
From AANO

24+2= 12 ()
Differentiating

Al125

equation (i) w.r.t to ¢

0+2 %—2€% =(U
Zd[_ d[ :ZVM_
0 U u ( zj
= J=—""= *cosf=—
= M7 z/0 cosO l

9. [ =Mass of unit length of wire — 0.2 kg/m.

m; =1.9kg
m, =29kg

myg +Alg
(1) Tension T at midpoint of lower wire :
[ =Half-length = 0.5 m
T—(m; +Al)g=(m, +Al)a
T=(m,+Al)(a+g)
=[1.9+(0.2 x0.5)](0.2+9.8)=2x10=20N.
(i) Tension 7' at mid-point of upper wire :
W T'=[my+ (A X 2D+ myla+ [m,g+ A x2lg+mg]
or T'=[m; +(Ax2)+m,](a+g)
=[1.9+(0.2x1)+2.9][0.2 +9.8]=5 x 10 =50N.

ET"I Topic-3: Friction

=] P

1. (a) According to question, tan 6 > p, so block has a

tendency to move down the incline. Force P is applied

upwards along the incline to keep the block stationary.
Here, at equilibrium P+ f=mgsin® = f=mgsin 06— P

Now as P increases, f decreases linearly with respect to P.

y

P
0

mg sin® mg cosO

mg

0

When P=mgsin 0, = 0.
When force P is increased further, the block has a tendency

to move upwards along the incline and hence frictional
force acts downwards along the incline.

Here, at equilibrium P = f'+ mg sin 0

= f=P-mgsinb

Now as P increases, f increases linearly w.r.t P.
Hence graph (a) correctly depicts the situation.
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2.

(b) Maximum angle not to
slide the block, angle of
inclination = angle of repose,

ie., tan™! u = tan™! \/g = 60°.
For the block to topple, the

condition of the block has
been shown in the figure.

In A POM tane_PM_10/2_ S5cm _g
n ’ OM 15/2 75cm 3

So, 6 < 60°. From this we can conclude that the block will
topple at lesser angle of inclination. Clearly the block will

remain at rest on the plane up to a certain anlgle 6 and then
it will topple.

(a) Since the block is not moving forward for the maximum
force F' applied, therefore

Fcos 60° =f=uN AN

(Horizontal direction)
For vertical equilibrium

of the block, | Jeos®
N =mg+ Fsin60° 7 mg y X0
Fcos60°=puN=np \
. v F
[Fsin 60° + mg] Fsin60°
. x4/3x10
umg V3 5
=———2° > 2 _2N
= F €0s 60° — . sin 60° l,#xﬁ 1
2 23 2 4

(a) The two forces acting on the insect are mg and N.

Two components of mg are

mg cos a balances N.

mg sin o is balanced

by the frictional force.
N=mg cos a
f=mgsina —

But f=uN = p mg cos a

A
u=1/3 &

mg mgsind.

pmgcosa=mgsino = cota= — = cot oo =3
u

(b) Limiting frictional force,

f=uN=05x5=25N. e

For vertical equilibrium N <N e sn

of the block, SN 7 |

Frictional force, f=mg=0.98 N. A mg=01x98
=098N=W

(a) The block is at rest.
For equilibrium, frictional force,

f=mg sin 6 =mg sin 30°

=2><9.8><%=9.8N

7.

10.

11.

)

Block moving upward Block just remains stationary

For upward moving of block, pushing force ;= mg sin 0 + 1

. Fy=mgsin 0+ pmgcos 0 =mg (sin 0 + p cos 0)

The force required to just prevent it from sliding down or

block just remains stationary.

F,=mgsin 0 — uN = mg (sin 0 — 1 cos 0)

Given, F,=3F,

o sin O+ pcos 0 =3(sin O — pcos 0 )
I1+pu=31-p) [~ sin®=cos O]
4u=2 = nu=0.5

S N=10p=10x0.5=5N

(5) The frictional force is responsible to move

N=mg
the block of mass 1 kg with an acceleration
of 5 m/s2, r
Therefore, frictional force, ’
f=mxa=1x5=5N.

mg

False : Friction force opposes the relative motion of the
surface of contact.

As the feet pushes the surface in backward direction, so
frictional force exerted by the surface on the person is in
the direction of his motion.

(a, ¢) The various forces acting

on the block are as shown in

the figure.
When 6 = 45°, sin6 = cos0
The block will remain

stationary and the frictional
force is zero.

When 6 > 45°, sin6 > cos0

Therefore a frictional force acts
towards Q.

When 6 < 45°, cosO > sinO
Therefore a frictional force acts towards P.

(a) According to question,
at A the horizontal speeds of
both the masses is the same.
As no force is acting in the
horizontal direction the
velocity of Q remains the

same in horizontal. 1)
mg

In case of P as shown in figure at any intermediate
position, the horizontal velocity first increases due to N
sin 0, reaches a max value at O and then decreases.

But, it always remains greater than v. So, #, < to-
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12.

13.

14.

(d) Block will not be slip or will be at rest if
(my +m,)g sin 0 < um, g cos O

tan0 < —HME
m1+m2)g N,
m
= tano<— "2
my+m
1 2 (m +my)g cos (m, + m,) sin 0
= t21116£0'3><2£l (m tme
1+2 5

= tanB0<02ie,0<11.5°

i.e., If the angle © < 11.5° the frictional force is less than
UN, =um,yg=03x2xg=0.6¢g

and is equal to (m; + m,)g sin 0

Blocks will not slip on the inclined plane and friction is

static.

At 6 > 11.5° the bodies start moving on the inclined plane

and friction is kinetic and equal to um,g cos 0

Normal reaction, N = ma sin 0 and N, = mg

Applying pseudo force ma and resolving it.

net = mar
ma cos O — (f; + f,) = ma, ma sinf
ma cos § — uN, —uN, = ma, ! ma

ma cos® — umasin® —pmg=ma,
= a,=acos® —pasind - pg

skt 20552 2102 10m/s2
5 5 5 5

Acceleration of block down the plane

mg sin @ — p; mg cos O wN'= fx

a= N = mgcosf
m
. N
ay=gsin®—p, ,gcos0 0 a
mgcosd mgsinf

= g sin 45° — p cos 45°

= 10[%] —(0.2)(10)(%] = 4ﬁm )

Andag=gsin®—p; 5 gcos0
= g sin 45° W, g cos 45°
1 1
= 10[—] ~(0.3)(10) (—] =3.5V2m/s>
N 7
Let a . is relative acceleration of 4 w.r.t. B. Then
aup=ay—4dp
The relative distance between 4 and B, L.
1 2
L=—aypt
2 AB

a2 _ 2L 22

B aup - ay—dp _(4\/5)—(3.5\/5)

= =4ort=2s.
Distance moved by A4 during that time is given by

or

1 1
SA:ECMIZ :5X4.5\/§X4:8\/§m

Similarly for B = 7\/5 m.
Hence both the blocks will come in line after 4 has travelled

a distance 8/2m down the plane

15.

16.

Al127
(a) Free body diagram of mass M
T l N,
T h
T Mg —>F
T

/////I///////T////////
N

(b) The maximum value of force of friction between m,;
and M

(FDimax = (0.3) (20) (10) =60 N (i)
The maximum value of force of friction between m,
and M

(MDmax = (0.3)(5) (10)=15N ..(ii)

Forces on m; and m, in horizontal direction are as follows:

—> 7

Te— m Jil /f2 m,

There are only two possibilities.

Case I Either both m| and m, will remain stationary (w.r.t.
ground)
Case II both m; and m, will move (w.r.t. ground).
First case is possible when
or T<(f]))pax O T<60N and T<(f)), . Of T<1ISN
These conditions will be satisfied when 7'< 15 N say 7= 14
then f; =/, =14 N.
Therefore the condition f; = 2f, will not be satisfied.
Thus m,; and m, both can't remain stationary.
In the second case, when m; and m, both move
Sr=()max =15 N
f1=2/,=30N
Since f} < (f])ae there is no relative motion between m,;
and M, i.e., all the masses move with same acceleration,

say 'a'.
Free body diagrams and equations of motion are as follows:
—a f730N 4
T <
«— m m, = M >
> & T F
fi=30N  f;=I5N

For mass, m,:30-T=20a .. (i)
For mass,m,:T—-15=5a ... (iv)
For mass,M : F— 30=50a e (V)

Adding eq. (iii) & (iv), we get.
‘ 3 2
acceleration a = gm/ s”.
) 5x3
Fromeq. (iv) T—-15= T = T=18N

3
Fromeq. (v) F—-30= 50><g = F=60N

Let force F be applied to move the body at an angle 0 to
the horizontal.

‘ F'sin®
The body will move when A
NA £
Fcos® =puN

from figure, normal reaction  pN, ,: 0
N =mg— Fsinf Feosh
F cos® = pu(mg — F sinO)

nmg . M
= F= () mg

cosO+psin®
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17.

18.

Differentiating the above equation w.r.t.0 , we get

d—Fsz[—sin6+ucose] =0
dO  (cos®+psin0)
0 =tan '

This is the angle for minimum force.
To find the minimum force substituting these values in
equation (i)

. p 1
sinfg = ——=——, cos=———
\/p2+1 \/p2+1

N
umg & "
F=
L + H X U
\/p2+1 \/p2+1 0

2
e pmg(Yu“ +1)  pmg
- - -
T Yl +1
= F=mgsin0

According to question, mass M, moves downwards with
a uniform velocity i.e., net acceleration of the system is
zero. Or net pulling force on the system is zero.

For equilibrium,
(a) M,g= M,gsin37° + uM,g cos37° + uM,g
or M, =M, sin 37°+ uM,cos 37° + pM,

= (4) Gj +(0.25)(4) (9 +(0.25)(4) = 4.2kg

(b) Since, M, is moving with uniform velocity
T=pmg=(025)x4x98=9.8N

Let 7T be the tension in the rope at point P and a be the

acceleration produced in the rope.

F

Mass per unit length of the rope is L = T
A P B

I . —>F

— ]| —Pie— | —>
e— [ ——————»
For the part AP,

r=wl-Da >1)
For the part PB;
F-T=wa L. (i)

T
F-T= HZLL(L - 1)} [Using eq. (i)]

F—T:LIST{LH}:F;
L-1

e

or, T :F{l—i}
L

19.

20.

As cubes do not slide down

the planes hence they have
same acceleration.

Consider the FBD of the
cubes along incline

T+m fcosa=mgsina— (i)
T+ m,g sinf =m, fcos p — (ii)
Eq (i)—Eq (ii) A S

m,fcos f3
A S

(m; coso. + m, Cosg)f Mg sin B
=(m;sina + mysinf)g  ----f--3 T
myg
N : (m,sino + m, sin ) ’
(m, coso.+m, cosf)
fromeq (i) T = (m, g sin o) —(m,cos or) {w}
m, cosa.+m, cos 3

2 . . 2
m; cosaLsin o + m,m, cosPsina — m,

coso.sin o — m,m, coso.sin 3

or, T = g
(m,cos o + m,cosf3)

m,m, | cosBsina —sinf cosa
or, T =— 2[ P P ]g

m,cosa +m,Cos
1 2

When force F is applied on block C will move towards left
and the block 'B' will move towards right due to reaction of
C on B, while block A4 always remains at rest.

The F.B.D. for mass C is

Jo=nimy+mp)g
S

N=nlmy+mp+me)g
As Cis moving with constant speed FF'=f, + £, + T ... (i)
F.B.D. for mass B is

nmyg = f3
T
“(mA+mB)g:f2

As B is moving with constant speed f, + f; =T ... (ii)
Subtracting eq. (ii) from (i)
Ffy ) =h o+ T-T=,
= F=fi+t2f,tfi=umy+mp+m ) g+
2p(mytmpg)gtum,g

F=p@m+3mp+my)g
(Given: m, = 3kg, my =4kg, M = 5 kg and p=0.25)
=0.25[4%x3+3x4+5]x9.8=71.05N
Hence, force necessary to drag, F = 71.05 N

s

E] Topic-4: Circular Motion & Banking of Road

(d) T sin 6 = mRw?
T cos 6 =mg
Dividing (ii) by (i), we get

2
tan = = o=+Rgtan6 <« T
g mo’l

(@)
(i)

" Rg
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Clearly, ® is maximum, when tan 0 is maximum
i.e.0=90°

So, T sin 90° = mRw?
T=mLw? [Here, R=1]

N 324
O=\L N05x05

18
=E = 36rad/s

(a) According to question, the speed with which the
block enters the track is the same in all the tracks and the
block rises to the same height so from law of conservation
of energy, speed of the block at highest point will be same
in all four cases.

Let the velocity at the highest point be v

Vo

N+ mg

2
(N + mg) provides the centripetal force v to the body

2

my
N+mg=——

g R

2
my

or N=——-m

R g

R (the radius of curvature) in first case is minimum.
Hence, normal reaction N will be maximum in first case.
(30) From impulse — momentum theorem,

] m/2

J=MV o =V=1= 5 =+2nm/s
100 x ——
1000
Total time taken, t = v
g
_2xA2m  2x~2m  ~N2m s
g 10 5
By angular impulse — momentum theorem,
J><E
R 1 2 S0= 2 _ Ix2
Jx?:ICm: ZMR ® MR2 MR
4

/2

x 2
100
5 4 1 =2 x 752 rad/s

VLV
1000 3 100

0 0=2mn = mt .'.n=gt
2r
2% 75427 x V2T
n= S__30

2n
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False : The angular amplitude of the pendulum is 40° given,
when its angular displacement is 20° then

2
For equilibrium of the bob, T— mg cos 20° = % , where

[ is the length of the pendulum and v is the velocity of the
bob.

2
T=mg cos 20° + %

is always a positive quantity.

2
= szgcose—% (D)

And by energy conservation,

%mv2 = mg[R—RCOSe]

2
3 % =2g(1-cos0)

2
Putting this value of % in eqn. (i)
N =mgcos®—m|[2g—2gcosO]
= N=mgcosO—2mg +2mgcosO
= N=3mgcos6-2mg = N =mg(3cos0-2)

Clearly when cos6 > % N is positive acts radially outwards

So, force on wire is inward and if cosf < % N acts radially

inwards.
So, force on wire is outward. .
(b, ¢) A long radius net force = centripetal force

)

And along tangent net force
=ma, as the motion of a pendulum is
the part of circular motion.

2
M
T— Mg cos© =7v

Mgsind Mg Mgcos®
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. . 3R R
Extension of string = X ———=—=X

4 4
The forces acting are shown in the figure (i)
From FBD of the ring
Force in the tangential direction
= F cos 30° + mg cos 30
= [kx + mg] cos 30°

gsinf g geosd

And, ma,= mgsin® = a,= gsin0
7.  Radius of circle=R
In AOCP, OC=CP=R
£ZCOP= LCPO=60° = LOCP=60°
AOCP is an equilateral triangle = OP = R

#mgcos30°

Tangenti;ll

5
F :$\/§ S F =ma = at—%g

t t t

Also, when the ring is just released
N + F'sin 30° = mg sin 30°

Ve . 300,(," _@jxlﬁm_g
= = (mg—F) sin =|mg 4 S
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Structure of Atom

Topic-1: Different Atomic Models that Leads to Bohr Model

I MCQs with One Correct Answer

1.

According to Bohr’s model, the highest kinetic energy is
associated with the electron in the [Adv. 2024]

(a) Firstorbitof Hatom (b) Firstorbit of He"
(c) Second orbit of He* (d) Second orbit of Li%"
The kinetic energy of an electron in the second Bohr orbit

of a hydrogen atom is [a,, is Bohr radius] : [2012]
h* h*
(a) I
4n2ma3 16n2ma§
0> n?
© 321’ ma} © 64n2ma§

Given that the abundances of isotopes >*Fe, *°Fe and >’Fe
are 5%, 90% and 5%, respectively, the atomic mass of Fe is
[2009S]

(@) 5585 (b) 5595 (c) 55.75 (d) 56.05

The radius of which of the following orbit is same as that

of the first Bohr’s orbit of hydrogen atom? [2004S]

(@) He'(n=2) (b) Li**(n=2)

() Li*(n=3) (d) Be** (n=2)

Rurtherford's experiment, which established the nuclear

model of the atom, used a beam of [2002S]

(@) P -particles, which impinged on a metal foil and got
absorbed

(b) v -rays, which impinged on a metal foil and ejected
electrons

(¢) helium atoms, which impinged on a metal foil and got
scattered

(d) helium nuclei, which impinged on a metal foil and got
scattered

Which of the following does not characterise X-rays?

(a) Theradiation can ionise gases [1992 - 1 Mark]

(b) It causes ZnS to fluorescence

(¢) Deflected by electric and magnetic fields

(d) Have wavelengths shorter than ultraviolet rays

The wavelength of a spectral line for an electronic transition

is inversely related to : [1988 - 1 Mark]

(@) the number of electrons undergoing the transition

10.

11.

12.

13.

14.

15.

16.

(b) the nuclear charge of the atom

(c) the difference in the energy of the energy levels
involved in the transition

(d) thevelocity of the electron undergoing the transition.

The triad of nuclei that is isotonicis ~ [1988 - 1 Mark]

14 15 17 12 14 19
(a) 6C, 7N5 9F (b) 6C’ 7N, 9F

© "o, UNSTE S @ e, N, E
The ratio of the energy of a photon of 2000 A wavelength
radiation to that of 4000 A radiation is : [1986 - 1 Mark]
(@ 14 (b) 4 (c) 112 @ 2
Rutherford’s alpha particle scattering experiment
eventually led to the conclusion that:  [1986 - 1 Mark]
(a) mass and energy are related
(b) electrons occupy space around the nucleus
(c) neutrons are buried deep in the nucleus
(d) thepointofimpact with matter can be precisely determined.
Electromagneticradiation with maximum wavelength is :
[1985 - 1 Mark]
(@) ultraviolet (b) radiowave
(¢) X-ray (d) infrared
The radius of an atomic nucleus is of the order of :
[1985 - 1 Mark]
(@ 10%cm (b) 10Bem(c) 10 ¥em (d) 108cm
Bohr model can explain : [1985 - 1 Mark]
(@) the spectrum of hydrogen atom only
(b) spectrum ofan atom or ion containing one electron only
(c) the spectrum of hydrogen molecule
(d) the solar spectrum
Which electronic level would allow the hydrogen atom to
absorb a photon but not to emit a photon? [1984 - 1 Mark]
(@ 3s (b) 2p (c) 2 d) 1s
The increasing order (lowest first) for the values of e/m
(charge/mass) for electron (e), proton (p), neutron () and

alpha particle (o) is : [1984 - 1 Mark]

@ ep,na (b) n,p,e,a

() nm,p,o,e d) n,a,p,e

Rutherford’s scattering experiment is related to the size of
the [1983 - 1 Mark]

(a) nucleus (b) atom (c) electron (d) neutron
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17. Rutherford’s experiment on scattering of o-particles
showed for the first time that the atom has [1981 - 1 Mark]
(a) electrons (b) protons
(c) nucleus (d) neutrons

18. The number of neutrons in dipositive zinc ion with mass
number 70 is [1979]
@ 34 (b) 36 (d) 40

2 Integer Value Answer

(c) 38

19. For He", a transition takes place from the orbit of radius
105.8 pm to the orbit of radius 26.45 pm.
The wavelength (in nm) of the emitted photon during the
transitionis . [Adyv. 2023]
[Use: Bohr radius, a = 52.9 pm;Rydberg constant,
Ry;=2.2x 10718 J;Planck’s constant,h =6.6 x 1034 J s;Speed
of light, c=3 x 103 ms']

20. The work function (¢) of some metals is listed below. The
number of metals which will show photoelectric effect when
light of 300 nm wavelength falls on the metal is [2011]

3 Numeric / New Stem Based Questions

21. Wavelength of high energy transition of H—atoms is
91.2nm. Calculate the corresponding wavelength of He
atoms. [2003 - 2 Marks]

22. Calculate the wave number for the shortest wavelength
transition in the Balmer series of atomic hydrogen.

[1996 - 1 Mark]

Metal | Li | Na| K | Mg| Cu | Ag | Fe | Pt W
deeV)|24]123]22]37]48]43]47]63]475

23. According to Bohr’s theory, the electronic energy of
hydrogen atom in the n'™ Bohr’s orbit is given by

2176 x 107"
of light that will be needed to remove an electron from the
third Bohr orbit of the He" ion. [1990 - 3 Marks]

24. Calculate the wavelength in Angstrom of the photon that
is emitted when an electron in the Bohr orbit, #» =2 returns
to the orbit, #» = 1 in the hydrogen atom. The ionization
potential of the ground state hydrogen atom is 2.17 x 107!
erg per atom. [1982 - 4 Marks]

25. The energy of the electron in the second and the third
Bohr’s orbits of the hydrogen atom is —5.42 x 10712 erg
and —2.41 x 107! erg respectively. Calculate the
wavelength of the emitted radiation when the electron drops
from the third to the second orbit. [1981 - 3 Marks]

@ 4  Fill in the Blanks

26. The light radiations with discrete quantities of energy are
called............... . [1993 - 1 Mark]
27. Elements of the same mass number but of different atomic
numbers areknown as................ . [1983 - 1 Mark]
28. Isotopes of an element differ in the number of ............. in
their nuclei. [1982 - 1 Mark]

29. Themass of ahydrogen atom is............. kg.
[1982 - 1 Mark]

J. Calculate the longest wavelength

A7

5 True/False
30. Ina given electric field, B-particles are deflected more than
a-particles in spite of a-particles having larger charge.
[1993 - 1 Mark]

31. Gammarays are electromagnetic radiations of wavelengths
of 10%cmto 107 cm. [1983 - 1 Mark]

6 MCQs with One or More than One Correct Answer

32. Theenergyof an electron in the first Bohr orbit of Hatom
is —13.6 eV. The possible energy value(s) of the excited
state(s) for electrons in Bohr orbits of hydrogen is (are)

[1998 - 2 Marks]|
(@ —-34eV (b) —42eV(c) —-68eV (d) —15eV

33. The sum of the number of neutrons and proton in the
isotope of hydrogen is : [1986 - 1 Mark]
@ 6 (b) 2 (c) 4 d 3

34. When alpha particles are sent through a thin metal foil,
most of them go straight through the foil because :

[1984 - 1 Mark]
(@) alpha particles are much heavier than electrons
(b) alpha particles are positively charged
(c) most part of the atom is empty space
(d) alpha particle move with high velocity

35. Many elements have non-integral atomic masses because:
(@) they have isotopes [1984 - 1 Mark]
(b) their isotopes have non-integral masses
(c) their isotopes have different masses
(d) the constitutents, neutrons, protons and electrons,

combine to give fractional masses

36. An isotone of ZgGe is :

77 77
(b) 33As (¢) 34Se

[1984 - 1 Mark]

77 78
@@ 3,Ge (d) 34Se

7 Match the Following

37. Consider the Bohr’s model of a one—electron atom where the
electron moves around the nucleus. In the following List-I
contains some quantities for the ™" orbit of the atom and List-I1
contains options showing how they depend on 7 [Adv. 2019]

List-I List-11
(D  Radius of the n'" orbit (P)ocn?
(I)  Angular momentum ofthe
electron in the n' orbit (Q)ocn™
(II) Kinetic energy of the electron
in the n'" orbit (R) oc n°
(IV) Potential energy of the
electron in the n' orbit (S) cn!
(T) oc ?
(U) oc nl2

Which of the following options has the correct
Combination considering List-I and List—II?

@ dD,R) (b) AD,(Q (© @M,F®)  (d) {,(D)
10 Subjective Problems

38. Calculate the energy required to excite one litre of
hydrogen gas at 1 atm and 298 K to the first excited state
of atomic hydrogen. The energy for the dissociation of H-
Hbond is 436 kJ mol . [2000 - 4 Marks]
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39.
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Consider the hydrogen atom to be a proton embedded in a
cavity of radius a (Bohr radius) whose charge is
neutralised by the addition of an electron to the cavity in
vacuum, infinitely slowly. Estimate the average total
energy of an electron in its ground state in a hydrogen
atom as the work done in the above neutralisation process.
Also, if the magnitude of the average kinetic energy is
half the magnitude of the average potential energy, find
the average potential energy. [1996 - 2 Marks]
Iodine molecule dissociates into atoms after absorbing
light of 4500A. If one quantum of radiation is absorbed by
each molecule, calculate the kinetic energy of iodine atoms.
(Bond energy of I, =240 kJ mol ™) [1995 - 2 Marks]
Find out the number of waves made by a Bohr electron in
one complete revolution in its 3rd orbit.[1994 - 3 Marks]
What transition in the hydrogen spectrum would have the
same wavelength as the Balmer transition n=4ton =2 of
He" spectrum? [1993 - 3 Marks]

43.

44.

45.

Chemistry

Estimate the difference in energy between 1%tand 2"¢ Bohr
orbit for a hydrogen atom. At what minimum atomic
number, a transition from n =2 ton = 1 energy level would
result in the emission of X-rays with 1 =3.0 x 10-*m? Which
hydrogen atom-like species does this atomic number
correspond to ? [1993 - 5 Marks]
The electron energy in hydrogen atom is given by
E=(-21.7 x 107'2)/n? ergs. Calculate the energy required
to remove an electron completely from the n = 2 orbit.
What is the longest wavelength (in cm) of light that can be
used to cause this transition? [1984 - 3 Marks]
Naturally occurring boron consists of two isotopes whose
atomic weights are 10.01 and 11.01. The atomic weight of
natural boron is 10.81. Calculate the percentage of each
isotope in natural boron. [1978]

Topic-2: Advancement Towards Quantum Mechanical Model of Atom

MCQs with One Correct Answer

The wavelength associated with a golfball weighing 200 g
and moving at a speed of 5 m/h is of the order ~ [2001S]
(@ 10°m (b) 10®m (c) 10'm (d) 10*m
Which of the following relates to photons both as wave
motion and as a stream of particles? [1992 - 1 Mark]
(b) E=mc?

(d) E=hv

(@) Inference
(c) Diffraction

2 Integer Value Answer

3.

Consider a helium (He) atom that absorbs a photon of
wavelength 330 nm. The change in the velocity (in cm s 1)
of He atom after the photon absorption is .
(Assume : Momentum is conserved when photon is absorbed.
Use : Planck constant = 6.6 x 10734 J s, Avogadro number
=6 x 102 mol !, Molar mass of He=4 g mol 1)

[Adv. 2021]
The atomic masses of ‘He’ and ‘Ne’ are 4 and 20 a.m.u.,
respectively. The value of the de Broglie wavelength of
‘He’ gas at —73 °C is “M” times that of the de Broglie
wavelength of ‘Ne’ at 727 °C. ‘M’ is [Adyv. 2013]

4 Fill in the Blanks

5.

Wave functions of electrons in atoms and molecules are
called............... . [1993 - 1 Mark]

The uncertainty principle and the concept of wave nature
of matter were proposed by ............... and ...
respectively. (Heisenberg, Schrodinger, Maxwell, de
Broglie) [1988 - 1 Mark]

6 MCQs with One or More than One Correct Answer

7.

Among the following, the correct statement(s) for electrons

in an atom is(are) [Adv.2024]

(@) Uncertainty principle rules out the existence of defi-
nite paths for electrons.

(b) The energy of an electron in 2s orbital of an atom is
lower than the energy of an electron that is infinitely
far away from the nucleus.

(c) According to Bohr’s model, the most negative energy
value for an electron is given by n = 1, which corre-
sponds to the most stable orbit.

(d) According to Bohr’s model, the magnitude of veloc-
ity of electrons increases with increase in values of n.

10 Subjective Problems

8.

10.

Find the velocity (ms™') of electron in first Bohr’s orbit of
radius a,. Also find the de Broglie’s wavelength (in m). Find
the orbital angular momentum of 2p orbital of hydrogen
atom in units of 2/ 2. [2005 - 2 Marks]
A ball of mass 100 g is moving with 100 ms™!. Find its
wavelength. [2004 - 1 Mark]
The Schrodinger wave equation for hydrogen atom is
[2004 - 2 Marks]

3/2
1 (1Y ro\e,,o/ao

w2 \ap) 12 ")

Where a,, is Bohr’s radius. If the radial node in 2s be at 7,
then find », in terms of a,,.

\st
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Topic-3: Quantum Mechanical Model of Atom

1 MCQs with One Correct Answer

1.

The number of radial nodes of 3s and 2p orbitals are

respectively [2005S]

(@ 2,0 (b) 0,2 (¢ 1,2 @ 2,1

If the nitrogen atom has electronic configuration 1s7, it

would have energy lower than that of the normal ground

state configuration 1s?2s22p3, because the electrons

would be closer to the nucleus. Yet 1s is not observed

because it violates. [2002S]

(a) Heisenberg uncertainty principle

(b) Hund'srule

(c) Pauli exclusion principle

(d) Bohr postulate of stationary orbits

The quantum numbers +1/2 and —1/2 for the electron spin

represent [2001S]

(@) rotation of the electron in clockwise and anticlockwise
direction respectively

(b) rotation of the electron in anticlockwise and clockwise
direction respectively

() magnetic moment of the electron pointing up and
down respectively

(d) two quantum mechanical spin states which have no
classical analogue

The electronic configuration of an element is 152, 2s% 2p°,

3s23p®3d°, 4s'. This represents its [2000S]
(a) excited state (b) ground state

(c) cationic form (d) anionic form

The number of nodal planes in a p_orbitalis ~ [2000S]
(@) one (b) two (c) three (d) zero

The electrons, identified by quantum numbers # and /,
()n=4,1=1,3G1)n=4,/=0,(ii)n=3,/=2,and (iv)n=3,
/=1 can be placed in order of increasing energy, from the
lowest to highest, as [1999 - 2 Marks]
@ @W)<@)<@i)<@ (b) (i)<(iv)<()<(ii)
(© @<@)<@)<@v) (d) (i) <@)<(v)<(i)
For a d-electron, the orbital angular momentum is

[1997 - 1 Mark]

@ J6(h/2m) (b) V2(h/27)

(c) (h/2m) (d) 2(h/2m)

The orbital angular momentum of an electron in 2s orbital

is: [1996 - 1 Mark]

@ L ®zeo © L @z
2 2m 2n 2n

A 3p orbital has : [1995S]

(@) two non spherical nodes

(b) two spherical nodes

(c) one spherical and one non spherical node
(d) one spherical and two non spherical nodes

10.

11.

12.

13.

14.

15.

16.

17.

The correct set of quantum numbers for the unpaired
electron of chlorine atom is : [1989 - 1 Mark]

n l m
(@ 2 1 0
(b)y 2 1 1
(© 3 1 1

d 3 0 0

The correct ground state electronic configuration of
chromium atom is : [1989 - 1 Mark]
(@) [Ar]3d’4s! (b) [Ar]3d*4s?

(c) [Ar]3d°®4s° (d) [Ar]4d’ 4s!

The outermost electronic configuration of the most
electronegative element is [1988 - 1 Mark]
(@ ns>np® (b) ns> np* (©) ns>np>  (d) ns® np®
The orbital diagram in which the Aufbau principle is

violated is : [1988 - 1 Mark]
2s 2p

@ [N [N |

® [T [N][T]T]

© [N [T]1]71]

@ [N [N]T]1]

Which one of the following sets of quantum numbers
represents an impossible arrangement? [1986 - 1 Mark]

n / m, m,
@ 3 2 -2 Va
by 4 0 0 Va
(c) 3 2 =3 Va
(d 5 3 0 s

Correct set of four quantum numbers for the valence
(outermost) electron of rubidium (Z=37) s :
[1984 - 1 Mark]

(b) 5,1,0,+%
(d) 6,0,0,+%
[1983 - 1 Mark]

(@ 5,0,0,+%
(© 51,1,+%
Any p-orbital can accommodate upto
(@) four electrons

(b) sixelectrons

(c) two electrons with parallel spins
(d) two electrons with opposite spins
The principal quantum number of an atom is related to the
(a) size of the orbital [1983 - 1 Mark]
(b) spin angular momentum

(c) orbital angular momentum

(d) orientation of the orbital in space
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2 Integer Value Answer

18. Not considering the electronic spin, the degeneracy of the
second excited state (n = 3) of H atom is 9, while the
degeneracy of the second excited state of H™ is

[Adv. 2015]
19. Inan atom, the total number of electrons having quantum

1
numbers n=4, |m,|=1andm_ = 3 is [Adv. 2014]

20. The maximum number of electrons that can have principal

1
quantum number, 7 = 3, and spin quantum m; = > is
[2011]

3 Numeric / New Stem Based Questions

21. What is the maximum number of electrons that may be
present in all the atomic orbitals with principal quantum
number 3 and azimuthal quantum number 27

[1985 - 2 Marks]

4 Fill in the Blanks

22. The outermost electronic configuration of Cr is................ .
[1994 - 1 Mark]

23. The 2p,, 2p, and 2p, orbitals of atom have identical

shapes but differ in their ............... ; [1993 - 1 Mark]
24. When there are two electrons in the same orbital, they
i [1982 - 1 Mark]

5 True/False
25. Theelectron density in the XY planein 34 , , orbitalis
' i

ZErOo. [1986 - 1 Mark]

7 Match the Following

Chemistry

26. Theenergy ofthe electron in the 3d-orbital is less than that in
the 4s-orbital in the hydrogen atom. [1983 - 1 Mark]
27. The outer electronic configuration of the ground state
chromium atom is 3d*4s>. [1982 - 1 Mark]

6 MCQs with One or More than One Correct Answer

28. The ground state energy of hydrogen atom is —13.6 eV.
Consider an electronic state y of He* whose energy,
azimuthal quantum number and magnetic quantum number
are—3.4 eV, 2 and 0, respectively. Which of the following
statement(s) is (are) true from the state y?  [Adv. 2019]
(@) Itisad4dstate
(b) It has 3 radial nodes
(c) Ithas 2 angular nodes
(d) The nuclear charge experienced by the electron in

this state is less than 2e, where e is the magnitude of
the electronic charge

29. Ground state electronic configuration of nitrogen atom
can be represented by [1999 - 3 Marks]

@
(b) (L]
© KM
@ LRI

30. Which of the following satement(s) is (are) correct?
[1998 - 2 Marks]

(@) The electronic configuration of Cr is [Ar] 3d°4s!.
(Atomic Number of Cr =24)

(b) Themagnetic quantum number may have a negative
value.

(c) Insilver atom, 23 electrons have a spin of one type and
24 of the opposite type. (Atomic Number of Ag=47)

(d) The oxidation state of nitrogen in HN is—3.

(Qs. 31-35) are based on the table, having 3 columns and 4 rows. Each question has four options (A), (B), (C) and (D). Only one of
these four options is correct. By appropriately matching the information given in the three columns of the following table.

The wave function, Wy s, is a mathematical function whose value depends upon spherical polar coordinates (7, 0, ¢) of the

electron and characterized by the quantum numbers n, / and m,. Here r is distance from nucleus, 0 is colatitude and ¢ is azimuth. In

the mathematical functions given in the table, Zis atomic number and a, is Bohr radius.

[Adv. 2017]

Column-1 Column-2

Column-3

(D 1sorbital

O Vg [2]2 e[zo]

(I) 2sorbital (i) Oneradial node

(P)

\Vn,l,m ,(}") -

N7

@

(Q) Probability density at nucleus o« %
a0
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5 Zr j
L (2
Iy 2p_orbital (i) Wy, o [i] re \290) cos @ (R) Probability density is maximum at nucleus
4o
v 3d22 orbital ~ (iv) xy-planeisanodal plane (S) Energy needed to excite electron from n = 2 state to

27
n =4 state is 2 times the energy needed to excite

electron from »n = 2 state to n = 6 state

31. For the given orbital in Column 1, the only CORRECT combination for any hydrogen-like species is

@ MG (S) (b) AV)(iv) R) (© (D) (P) (d) () (i) (P)
32. For hydrogen atom, the only CORRECT combination is
@ @MMDE) (b) AHHQ © {MMDP) d M) (R)
33. For He"ion, the only INCORRECT combination is
@ {MO® (b) D ()(Q) © (D) R) d OHOE
34. Match the entries in Column I with the correctly related quantum number(s) in Column II. [2008 - 6M ]
Column-I Column-II
(A) Orbital angular momentum of'the electron in a (p) Principal quantum number
hydrogen-like atomic orbital
(B) A hydrogen-like one-electron wave function obeying Pauli principle (q) Azimuthal quantum number
(©) Shape, size and orientation of hydrogen- like atomic orbitals (r) Magnetic quantum number
(D) Probability density of electron at the nucleus in hydrogen-like atom (s) Electron spin quantum number
35. E, =Total energy, K, = Kinetic energy, V/, = Potential energy, r, = Radius of n™ orbit Match the following :
Column-I Column-II
A V,/K =? () O
(B) Ifradius of n'™ orbit oc £y, x="? (@ -1
(©) Angular momentum in lowest orbital ® 2
1
O —ocZy=? () 1
r}’l
o . Th ital 1 t t f th
S Comprehension/Passage Based Questions 38 Stafeogbisa' angular momentum quantum number of the
5 1s :

The hydrogen-like species Li?" is in a spherically symmetric state S, (@ 0 (b) 1 (c) 2 (d 3

with one radial node. Upon absorbing light theion .undergoes. transition 10 Subjective Problems
to a state S,. The state S, has one radial node and its energy is equal to

the ground state energy of the hydrogen atom. [2010] 39- Give reasons why the ground state outermost electronic
. configuration of silicon is : [198S - 2 Marks]
36. The state S, is: 3 3 3 3
()15 b) 2s (©)2p d) 3s s P s P
37. Energy of the state S, in units of the hydrogen atom | N | | 1 | 1 | | and not |T ¢| [TT4] ]

ground state energy is :
(@ 075 (b) 1.50 (c) 225 (d) 450
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? Answer Key

Topic-1 : Different Atomic Models that Leads to Bohr Model

1. (b) 2. (¢) 3. (b 4. (d 5. (@@ 6. (¢) 7. (¢ 8. (a) 9. (d 10. (b)

1. (b) 12. (b) 13. (b) 14. d 15. (d 16. (@& 17. (¢ 18. (d) 19. (30) 20. ()

21. (22.8) 22. (27419) 23. (2055) 24. (1220) 25. (660) 26. (photons) 27. (isobars)

28. (neutrons) 29. (1.66 x 10%7kg) 30. True 31. False 32. (a,d) 33. (b,d) 34. (a,c) 35. (a,¢)

36. (b,d) 37. (d)

Topic-2 : Advancement Towards Quantum Mechanical Model of Atom

1. (a) 2. (d) 3. (30) 4. (5) 5. (orbitals) 6. (Heisenberg, de-Broglie) 7. (a,b,c)
Topic-3 : Quantum Mechanical Model of Atom

1. (a 2. (¢) 3. @ 4. (b) 5. (a) 6. (a) 7. (a) 8. (b 9. (¢) 10. (¢

11. (a) 12. (¢) 13. (b) 14. (¢) 15. (@ 16. (d 17. (a) 18. (3) 19. 6) 20. 9

21. (10) 22. (4s',3d°) 23. (orientation in space) 24. (antiparallel; or opposite)

25. (False) 26. (True) 27. (False) 28. (a,c) 29. (a,d) 30. (a,b,c) 31. (¢) 32. (& 33. (¢

34. (A)-(@;B)-(p,q,1,8); (C)-(p, q,1); (D) - (p, q, 1) 35. (A)-(@);(B)-(9);(C)-(p); (D) -(s) 36. (b)
37. (© 38. (b)
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ﬁ Topic-1: Different Atomic Models

1.

=] that Leads to Bohr Model

() K.E. ofelectron in n'! Bohr’s orbit is given by :

22
KE.=13.6—- ¢V/atom
n

2

n=1 (H-atom) - K.E. oc 1_2 -1
1
22
n=1(He"ion) > K.E. o = =4
1

2
n=2(He"ion) > K.E. oc 2—2 =1
2

2
n=2 (Li*"ion) > K.E. ec Ea.
2?2 4

Thus, K.E. is highest for first orbit of He*.

(¢) As per Bohr’s postulate,
mvr=—-_So,v=
2 2nmr

So, for 24 Bohr orbit

2
2
r=—a°>l< =4a,

KE L 2% h? s
2\ 4n?m? x (4a,)? ) 32m%ma>

(b) Average atomic mass of Fe

_ (54x5)+(56x90)+ (57 x 5)
100

=5595

2
@ r, = 0.529"7,&

For hydrogen, n=1andZ=1; .. r;=0.529

10.
11.

12.

13.

14.

For Be’™, n=2and Z=4;

~0.529x2?

s =0.529

(d Rutherford's experiment was actually o -particle
scattering experiment. o -Particle is doubly positively
charged helium ion, i.e., He - nucleus.

(¢) X-rays can ionise gases and cannot get deflected by
electric and magnetic fields, wavelength of these rays is
150 to 0.1A. Thus, the wavelength of X-rays is shorter
than that of U.V. rays.

(c¢) Difference in the energy of the energy levels involved
in the transition.

(@) Isotones have same number of neutrons. All atoms in
triad (a) have same number of neutrons (i.e., 4 —Z=38).

h
) E=70;x1=2000A;x2=4000A;

BN R0

W 4 "B

() Electronsin an atom occupy the extra nuclear region.
() The following is the increasing order of wavelength

or decreasing order of energy of electromagnetic
radiations :

SO

cosmic rays

y-rays

X-rays <z,
UV-ra Zlg
Visible 2|5
Infra-red radiation 2[R

Micro waves
Radio waves

&
<

Among given choices, radiowaves have maximum
wavelength.

(®) The radius of nucleus is of the order of 1.5 x 10~3 to
6.5x 10" cmor 1.5t06.5 Fermi (1 Fermi=10""3 cm)

() Bohr model can explain spectrum of atoms/ions
containing one electron only.

(d Energy is emitted when electron falls from higher
energy level to lower energy level and energy is absorbed
when electron moves from lower level to higher level.
s is the lowest energy level of electron in an atom.

. An electron in Ls level of hydrogen can absorb energy
but cannot emit energy.
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15.

16.

17.

18.

19.

20.

21.

22,

e 0 . 2
d — forneutron= — =0; a-particle= — =0.5;
m 1 4

1
proton = 1° 1; electron = =1837

1/1837

(@ According to Rutherford's experiment. "The central
part consisting of whole of the positive charge and most
of the mass, called nucleus, is extremely small in size
compared to the size of the atom."
(¢) Rutherford’s scattering experiment led to the
discovery of nucleus.
(d No. of neutrons = Mass number — Atomic number

=70-30=40.

n2

(30) For single electron system, 1, = 52.9 x ?pm

2
2.
1058=2220 2 g =2
2
26452 220X02 .

1'12 =1
So, transition is from 2 to 1.

1_1\

nf 03

A=30%10?m=230nm

(4) Energy associated with incident photon = Y

6.6x104 x3x10%
E= 5 J
300%10~

-34 8
B 6.6x107" x3x10 oV = 4160V

300x1070 x1.6x1071°

Photoelectric effect can take place only when Ephoton >0
Thus, number of metals showing photoelectric effect will
be4 (i.e. Li, Na, K and Mg).

(22.8) For maximum energy, n, =1 and n, = oo

1 S 11
P [_2 __2]
)

Since Ry, is a constant and transition remains the same

2
1, Me_Zn 1

N ’ }\.H ZHe 4

1
Hence, Ay, = ZX 91.2=22.8nm

(27419) The shortest wavelength transition in the Balmer
series corresponds to the transition
n=2 —-n= w.Hence,n =2,n,=o

23.

24,

25.

26.
27.

— I 1
V:RH{_z__z

= (109677cml)[i2 —Lz]
n n 2 0
=27419.25 cm™!

2176 x 107" ;

(2055) E, of H= .
n
21.76x 1071
< E, of He'= ——————— x 22]
n
~21.76x107" x 4
o Ey of He' = x x J

9

Hence, energy equivalent to £, must be supplied to remove
the electron from 3™ orbit of He*. Wavelength
corresponding to this energy can be determined by
applying the relation.

6.625x1074 x3x10% x 9
21.76x107"7 x 4

ke

h
E orX:—C:
E

=2055x10"1"m=2055A

E

; h orhit = F = —L
(1220) (i) Energyofn™orbit=E, = 2
(i) Differencein energy=E, —E,=hv= he

A

or A= ia

£ - B
Given E;=2.17 x 10711

, 2.17x107 1!

.. Energy of second orbit = £, = 2—2

=0.5425x 10" erg
AE=E - E,=2.17x10711-0.5425 x 1011
=1.6275x10 " erg

_ 6.62x107%7 x3x10'°

=12.20x10%cm=1220A
1.6275x107 11

A

he
E5 - E,
Given £, =—5.42 1012 erg, ,=—2.41x 102 erg

(660) AE=FE,—E,=hv= % or A=

_6.626x107% x3x10"°
—2.41x10712 = (-5.42x107'?)

~19.878x107"7
3.01x1071

photons
isobars

=6.604 x 1075 cm= 660 nm
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28.
29.

30.

31.

32.

33.

34.

3s.

36.

37.

38.

neutrons
1.66 x 1027 kg
Mass of hydrogen atom

1.008

6.02x10%

=0.166 x 10723 g =1.66 x 10727 kg

True : B-particles are deflected more than o-particles
because they have very-very large e/m value as compared
to a-particles due to the fact that electrons are much lighter
than He?" species.

False : Gamma rays are electromagnetic radiations of
wavelengths 10~° cm to 10719 cm.

(a, d) The energy of an electron on Bohr orbits of hydrogen
atoms is given by the expression

_ Atomic mass of hydrogen

Avogadro number

Constant
E =———

n
n2

Where 7 takes only integral values. For the first Bohr orbit,
n=1anditisgiven that £, =-13.6 eV

13.6eV

n2

—3.4eV and— 1.5 eV can be obtained by substituting n =2
and 3 respectively in the above expression.

Hence E, = - of the given values of energy, only

(b, d) In tritium (the isotope of hydrogen) nucleus there is
one proton and 2 neutrons. .. n + p = 3. In deuterium
nucleus there is one proton and one neutron
Sontp=2.

(a, ¢) o-particles pass through because most part of the
atom is empty.

(a, ¢) Because they have isotopes with different masses.
The average atomic mass is the weighted mean of their
presence in nature; e.g., CI>S and C1? are present in ratio 3
: 1 in nature.

35x3+37x1

So A= =355

8
(b, d) ;z As and §4 Se have same number of neutrons

(=A—Z)as 5Ge.

2 2
@ roc% or r=0.529><n7;(1),(T)

|L|ocn or mvr=n—h ; D), (S)
27_c b 2

Determination of number of moles of hydrogen gas,
PV 1x1 B

"TRT T 0082x298

The concerned reaction is H,— 2H; AH=436kJ mol!

Energy required to bring 0.0409 moles of hydrogen gas to
atomic state =436 x 0.0409 =17.83 kJ

0409

39.

40.

A83

Calculation of total number of hydrogen atoms in 0.0409
mole of H, gas.
1 mole of H, gas has 6.02 x 10%* molecules

23
w x 0.0409 molecules

0.0409 mole of H, gas =

Since, 1 molecule of H, gas has 2 hydrogen atoms

6.02 x 10% x 0.0409 molecules of H, gas

=2x6.02 % 10% x 0.0409 = 4.92 x 10?* atoms of hydrogen
Since, energy required to excite an electron from the ground
state to the next excited state is given by

1 1

npon

= 13.6><G—%) = 13.6><% =10.2eV =1.632 x 102 kJ

Therefore, energy required to excite 4.92 x 10?2 electrons
=1.632x 1021 x4.92 x 10 kJ =8.03 x 10=80.3kJ
Therefore, total energy required=17.83 +80.3 =98.17 kJ
Work done while bringing an electron infinitely slowly
from infinity to proton of radius a,, is given as follows

2
e

4ﬂ80ﬂ0

This work done is equal to the total energy of an electron
in its ground state in the hydrogen atom. At this stage, the
electron is not moving and do not possess any K.E., so
this total energy is equal to the potential energy.

e2

TE.=PE+K.E.=PE.=—-—F"—"- (1)
47580.(10

In order the electron to be captured by proton to form a

ground state hydrogen atom it should also attain

e2

KE=
8negag

(Itis given that magnitude of K.E. is halfthe magnitude of
P.E. Note that P.E. is —ve and K.E is +ve)

62 62

.. TE=P.E.+K.E. =— +

47580610 87580610

62
or T.E=-
87580610
2 2
—e _

PE.=2xTE.=2x——— or PE.=

8 S 4T €09

Bond energy of I, =240 kJ mol ' =240 x 10* J mol !

240x103

=] molecule ! =3.984 x 10~!° J molecule™!
6.023x10
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-34 8 1
Energy absorbed = /¢ _ 6:626x107"Jsx3x10"ms
A 4500x10%m

=4.417x107°]
Kinetic energy = Absorbed energy — Bond energy
.. Kinetic energy=4.417 x 10719~ 3.984 x10-19]
=433x102J
.. Kinetic energy of each atom of iodine

-20
_ 4330 T 5 1e5x1020 g

n(n—1)
2
where n = Principal quantum number or number of orbit

33-1)  3x2
2 2

41. Number of waves =

Number of waves =

42. For He" ion, we have

1 3 .
=Q2’R, {—2 - —2} =Ry ¥ ..(0)

1 1 1
Now for hydrogen atom o Ry, {7 T _2} ...(11)
G [

Equating equations (i) and (i1), we get

1 1 3
n12 n22 4
Obviously, n, =1 and n, =2
Hence, the transition #=2 to n =1 in hydrogen atom will
have the same wavelength as the transition, n=4 ton =2
in He" species.

2 2

1 1
43. AE=RhcZ? | ——-——
n-on

Here, R= 1.0967 x 10’ m™!
h=6.626 x103*Jsec, c= 3 x 108 m/sec
n,=1,n,=2and for H-atom, Z =1

11
E,—E,=1.0967 x 107 x 6.626 x 1034x 3 x 108[I - Zj

3
AE=1.0967%6.626 % 3 x N x1079J=16.3512x107°J

163512x107"7

o e¢V=10.22eV
1.6 x10

Given,A=3x10%m

3
o =1.0967x Z2x - x 107
3x10” 4

~ 108 x 4 40
3% 3x1.0967x107 9x1.0967

4 . Z=2

So, it corresponds to He* which has 1 electron like
hydrogen.

44. To calculate the energy required to remove electron from
atom, n =0 is to be taken.
Energy of an electron in the n™ orbit of hydrogen is given by

E=-217x10"2x €L
. e ergs

1 1
. — -12 -
S AE=-21.7x107" (22 002]

1
— o17x102 (L o0]=217x1012x =
4 4

=—-5.42 %102 ergs
Now we know that AE = hv

_E(..v_ﬁj 5= R
U M T AR

6.627 x 10727 x3x10'°
5.42x10712

=3.67x 1075 cm
45. Letthe % of isotope with At. wt. 10.01 =x
.. % ofisotope with At. wt. 11.01 =(100—x)

xx10.01+ (100 - x) x11.01
100

Substituting the values, A =

At. wt. of boron =

xx10.01+(100-x)x11.01
100
Hence, % of isotope with At. wt. 10.01 =20%
% of isotope with At. wt. 11.01 =100—-20 =80%.

ﬁ Topic-2: Advancement Towards Quantum
=) Mechanical Model of Atom

1. (@) According to de-Broglie’s equation

=10.81= x=20

B
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PSI-N

A85

Given, 1 = 6.6 x 1073* Js, m =200 x 1073 kg

6.6x1073
2001073 x 5/(60 x 60)

% S A

- m/
60 x 60

=238 x10710m
d As packet of energy equal to /v; as wave having
frequency v.

-34 2,2
30) p:ﬁ:>6.6><10 kg;n /s
A 33010 m

-3 -1
_ 410 kgmol k)
6x10%3mol ™!
v=0.3m/s=30cm/s
(5) Since,

h h

Ar=—=—ronom
mV. 2MK.E

For two gases,

Mie  [MneThe _\/@Xwoo
ove \MpcTie V4 200 2

(sinceKE.ocT) = oo

JMT

€

orbitals

. Heisenberg, de-Broglie

(b, c)

(@) Uncertainty principle rules out existence of definite
paths or trajectories of electron and other similar par-
ticles.

So, option (a) is correct.

(b) Shell or orbit more near to nucleus has less energy
than far away.

So, option (b) is also correct.
2

(c) E= —13.6Z—2eV/atom
n

So, n =1 has most negative energy.
So, option (c) is also correct.
VA
@ Ve=" X;
When 7 increase velocity decreases.
So, option (d) is incorrect.
For hydrogen atom, Z=1,n=1

zZ
v=2.18x 16 x —-ms ' =218 % 105ms™!
de Broglie wavelength,

L 6.626x 10~
mv  9.1x1073! x2.18x10°

=334x10""m=33A
For2p,I=1

10.

E

h
Orbital angular momentum= //(/ +1) — = 2 L
2n 2n

b _6.627x107
mu 0.1x100

or A=6.627 x 103> m= 6.627 x 10254

v, %S = probability of finding electron within 2s sphere

v, =0 (atnode)

(" probability of finding an electron is zero at node)
2"0

3 2 20
o= [ L] [_0] ,
32n{ ag ag

(Squaring the given value of v, )
or { —r—o}o; 2=i; 2ay = 1y
4 o

Topic-3: Quantum Mechanical
Model of Atom

(@ Number ofradial nodes=(n—1[7-1)

For 3s: n=3, /=0 (Number of radial node = 2)

For 2p: n=2, =1 (Number of radial node =0)

(¢) Onlytwo e can exist in the same orbital.

(d) The quantum numbers +1/2 and —1/2 for the electron
spin can represent any one among clockwise or
anticlockwise spin direction. But if one value represents
clockwise spin then the other value will represent
anticlockwise spin.

(M) 3d 4s' system is more stable than 3d*4s?, hence
former is the ground state configuration.

(@ p, orbital being dumbell shaped, have number of nodal
planes =1, in yz plane. The electron density is only along
x-axis (xy and zx planes), thus, in yz-plane, there will be
zero electron density.

2p.

(@ Thetwo guiding rules to arrange the various orbitals
in the increasing energy are:

(i) Energy of an orbital increases with increase in the
value of n + [.

(i) Oforbitals having the same value of n + /, the orbital
with lower value of n has lower energy.

Thus, for the given orbitals, we have
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10.

11.

12.

13.

14.

15.

16.

17.

18.

H

atom 1y 2 2p

(1) n+tl=4+1=5 (i) n+/=4+0=4
(ilyn+[=3+2=5 (iv)n+1=3+1=4
Hence, the order of increasing energy is

(iv) < (ii) < (iil) < (i)

(@) The expression for orbital angular momentum is

Angular momentum = ,//(/ +1) (2&)
i

For d orbital, [=2.

Hence, L =.[2(2+1) (%) =J6 (i]

2n

h
() Orbital angular momentum (mvr) = P [H({I+1)

For 2s orbital, / (azimuthal quantum number) = 0

. Orbital angular momentum = 0.

(¢c) Total nodes = n — [

No. of radial nodes =n — [ -1

No. of angular nodes = /

For 3p sub-shell, n =3,7/=1

o, No. ofradial nodes=n—-/-1=3-1-1=1

-, No. of angular nodes =/ = 1

(¢) Electronic configuration of chlorine is [Ne] 3s2, 3p°
. Unpaired electron is found in 3p sub-shell.
~n=3,I=1,m=1

(@ Exactlyhalffilled orbitals are more stable than nearly
half filled orbitals.

Cr (At. no. 24) has configuration [Ar] 3d°, 4s'.

(c) Configuration ns%, np> means it requires only one
electron to attain nearest noble gas configuration. So, it
will be most electronegative element among given choices.

() According to Aufbau principle, the orbital of lower
energy (2s) should be fully filled before the filling of orbital
of higher energy starts.

() If/=2,m=-3, mwill vary from—2to+2. i.e. possible
values of mare—2,—-1,0,+ 1 and + 2.

(@) Rb has the configuration : 1s? 2s%p® 35%p°d'" 4s7p®
5s';son=15,1=0,m=0 and s = +% is correct set of
quantum numbers for valence shell electron of Rb.

(d One p-orbital can accommodate up to two electrons
with opposite spin while p-subshell can accommodate upto
six electrons.

(@) The principal quantum number (») is related to the
size of the orbital (n=1, 2, 3.....)

(3) In one electron system, all orbitals of a shell are
degenerate.

4 degenerate orbitals 9 degenerate orbitals

M-I T - T T T T
3s

G.S.

3p 3d
first excited state second excited state

19.

21.

22,

23.
24.

25.

26.

27.

28.

w [~ M T~ 0 A

on g Is 2s 2p Is 2s 2p

G.S. first excited state second excited state

In case of many electron system, different orbitals of a
shell are non-degenerate. Hence, in the second excited
state, only three p-orbitals (2p) are degenerate.

(6) |m,| =1 means m;can be +1 and —1.
For n =4, the total number of possible orbitals are :

4s 4p 4d 4f
[o] o[+ 21l o [+1+2] [B2= 1] o [+ 1[+2+3]

Thus, total number of orbitals having | m;|=11is 6.
The number of electrons with s =—1/2 is 6.

(C)

Maximum number of orbitals when n=3 is n2 =32=9
.. Number of electrons with m, = —% will be 9.

(10) For n =3 and [/ = 2 (i.e., 3d orbital), the values of m
varies from -2 to+2,i.e. -2,—1, 0, +1, +2 and for each ‘m’
there are 2 values of ‘s’, i.e. +¥2 and .

.. Maximum no. of electrons in all the five d-orbitals is 10.
4s', 3d4°;

The electronic configuration of Cris : 152, 252, 2p°, 3s%, 3p°,
45!, 34P.

.. Outermost electronic configuration is 3d°, 4s'.
orientation in space

antiparallel; or opposite

False : The orbital 3dx2 2 liealong X and Y axis where

electron density is maximum.

True : In case of hydrogen (single electron system), energy
of electron depends only on the principal quantum number.
Thus, 4s is in higher energy level than 3d.

False : The outer electronic configuration of the ground
state chromium atom is 3d° 4s!, as half filled orbitals are
more stable than nearly halffilled orbitals.

(a, ¢) Given, azimuthal quantum no. (/) =2 (d-subshell)
Magnetic quantum no.(m) = 0(zero), which is for d
orbital.

2 2
2
E=-13.6"5=-13.6x"5=-34
n n
2
13.6x 2 =34
n

n=4#=n=4

Radialnode=n—-[-1=4-2-1=1

Angular node=17=2

Wave function corresponds to y,, . It represents
4d22-0rbital which has only one radial node and two
angular nodes. It experiences nuclear charge of 2e units.



Structure of Atom

29.

30.

31.

32.

33.

34.

A87

(a, d) According to Hund’s rule pairing of electrons starts

only when each of the orbital in a sub shell has one electron

each of parallel spin.

o, (a) and (d) are correct ground state electronic

configurations of nitrogen atom in ground state.

(a,b, )

@ ,4Cr=15%,2522p5, 3523p53d>, 4s' = [Ar] 3d° 4s!

(b) For magnetic quantum number (m), negative values
are possible.
For s - subshell,/ =0, hence m=0
for p - subshell, /=1, hencem=-1, 0, +1

(© 4,Ag=1s% 252 2p5, 3523p034d10, 452 4p© 4410, 55!
Hence, 23 electrons have a spin of one type and 24 of
the opposite type.

(d) Oxidation state of N in HN is —1/3.

(¢) No.ofradialnodes=n—[—1, For 2sorbital, =2 ,/=0

.. No. ofradial nodes=2-0—-1=1

The plotted graph is correct for 2s-orbital, as wave function

changes its sign at node.

\Pn,/,m (I’) g

Wao

@@ E.C.ofH: 1s'; for Ls orbital

3/2
Van,l,m OC[EJ e—(Zr/aO)

do

For s-orbital, 8 and ¢ cannot be a part of wave function
expression. Hence, this is correct.

For 1s orbital of hydrogen like species: Foc——
2 2
Then, E,-E,= L =i
2 4 16

2 2
1 1V 8
E—E = —| || ==
6 2[2) (6) 36

27
S (Ey—Ey)= 3_2><(E6 -E)

(¢) Inthe wave function () expression for 1s-orbital of
He", there should be no angular part (0).

(A)-(@); B)-(p, q,1,5); (O) - (p, q, 1); (D) - (p, g, 1)
(A) Orbital angular momentum L =+/I(/ +1) 21 ,i.e., L
i

depends on azimuthal quantum number only.

3s.

36.
39.

(B) To describe a hydrogen like one-electron wave
function, three quantum numbers 7, / and m are required.
Further, to obey Pauli principle, fourth quantum number s
is also required.

(©) To define size, shape and orientation of atomic
orbitals, n, / and m are required respectively.

(D) Probability density (y?) of an electron can be
determined from the value of n, / and m.

(A)-(1); (B)-(q); (C)- (p); (D) - (5)

Vo _Kee?
(A) —”=K%/”=—2; where K = !
K, Kze*/2r 4me
2,2 4
n“h7g, me
®) 7= JE, =
" omzer " 88(2)h2n2

1 1 1
:>En o€ — OC— => 7, o€ —
n rn En

=, oc(En)*l =>x=-1

(©) Angular momentum of electron in lowest (1s) orbital

h hoo
- JZ(ZH)E_‘/O(OH)Z_O’

I- a0n2

= i o« Z ! =>y=1

n
For 36-38 The spherically symmetric state S, of Li%" with
one radial node is 2s. Upon absorbing light, the ion gets
excited to state S,, which also has one radial node. The
energy of electron in S, is same as that of H-atom in its
ground state.

O 7

2
Z
“E = n_2E1 where E| is the energy of H-atom in the

2

3)°FE
ground state = ( )2 L for Li2*
n
E =E = n=3

State S, of Li** having one radial node is 3p.
Orbital angular momentum quantum number of 3p is 1.

3
Energy of state S) =——F; =2.25E,
2)

(b) 37. (¢) 38. )

Ground state electronic configuration of Si

3s 3p, 3py 3p,
In a subshell, single e~ occupied orbitals must have parallel
spins.
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Complex Numbers

and Quadratic Equations

Topic-1: Integral Powers of lota, Algebraic Operations of Complex Numbers,
Conjugate, Modulus and Argument or Amplitude of a Complex number

&)

E\g/ | Dy — 8.  The smallest positive integer n for which [1980]
— 1+i\" .
w—wz . = : — =1lis
1. If 1 ispurelyreal where w=a + i3, B#0andz# 1, 1—i
then the set of the values of z is [2006 - 3M, —1] @@ n=38 (b) n=16
_ () n=12 (d) none of these
@ {z:]zZ=1} (b) {z:z=7Z} _
(¢) {z:z=1} s — ) 2 Integer Value Answer/ Non- Negative Integer
2. For all complex numbers z,, z, satisfying |z,|=12 and
| z,-3-4i|= 5, the minimum value of|z,-z,| is [2002S] 1967 +16861sin0 .
LetA = :0eR}.IFA tl
(@) 0 (b) 2 % 7 @ 17 et 7310050 € contains exactly
3. Ifz,z,and z; are complex numbers such that  [2000S] one positive integer n, then the value ofn is [Adv. 2023]
|21|=|Zz|=|23|=i+i+i=1v then |z, +2z)+23] 10, Forany integer , let o, = co (k—n) +i in(k—n) her
2z 2 : any integer £, let oy, = cos| ~ s 7 ) » where
is 1
(@) equaltol (b) less than 1 ka“ oy |
(c) greater than 3 (d) equalto3 i= +/~1 . The value of the expression k=L s
4. Ifarg(z)<0,thenarg (-z) - arg(z) = [2000S] ' 3
n n Do — oy
@z ®-t ©-5 @3 i
5.  For positive integers n,, n., the value of the expression ) o [édv. 2015]
. 3on ! é . 7o 11. Ifzisanycomplex number satisfying |z—3 —2i| < 2, then
A+ + 1+ +(1+7)" +(1+i")" , where the minimum value of |2z— 6 + 5i| is [2011]
i= /_] isareal number ifand onlyif [1996-1 Marks] 3 Numeric/ New Stem Based Questions
@) n=n,+1 (b) m=n,-1 12. Letzbea complex number with non-zero imaginary part. If
(¢) n,=n, (d) n,>0,n,>0 R
2+3z+4
6. Letzand o betwo complex Eumbers such that|z| < 1, z 22 is a real number, then the value of |22 is
|o|<land|z+iw |=|z—i®|=2 then zequals [1995S] 2-3z+4z
. . . . [Adv. 2022]
(@ lori (b) ior—i S E— )
13. Let z denote the complex conjugate of a complex number
(¢ lor—1 (d) ior—1

7. Letzand o be two non zero complex numbers such that zand let i= \/__1 In the set of complex numbers, the
|z|=| ® |and Argz +Arg © =m, thenzequals  [1995S] number of distinct roots of the equation

@ o b - o © ® d-o z-z° =i(z+z2) is . [Adv. 2022]



Complex Numbers and Quadratic Equations

+  Fill in the Blanks

14. Ifthe expression

() reos( ) nco]
o213

isreal, then the set of all possible values of x is ............

5 True / False

15.  For complex number z; = x; +iy; and z, = x, +iy, , we

[1987 -2 Marks]

write z; Nz, ,if x; < x, and y; < y, . Then for all complex

1-z
numbers z with 1~z , we have ]

N0,
[1981 - 2 Marks]
6 MCQs with One or More than One Correct Answer

+z

16. Let S={a+b\/§:a,beZ},Tl :{(—1+\/§)n :neN}

and 7, = {(1 + x/i)" ‘ne N} . Then which of the following

statements is (are) TRUE?
(@ ZULUT, cS

[Adv. 2024]

1

® 7N [0’—j = ¢ , where ¢ denotes the empty set.
2024

(© T, (2024, ©) = ¢
(d) For any given a, b € 7 ,cos(n(a+b\/§))+i

sin(n(a+b+2)) € Z if and only if b = 0, where

i=~/-1.
17. LetZz denote the complex conjugate of a complex number
z. If zis anon-zero complex number for which both real and

_ 1
imaginary parts of (Z )2 +— are integers, then which of
z
the following is/are possible value(s) of |z] 7 [Adv. 2022]
1 1
@ (43+3+/205 )4 ® (7+33)4
2) | —— Y LTNOY
T2 ) )

(94634 (74134
© =% ) S

18. Let S be the set of all complex numbers z satisfying

| 2 4z41 |=1. Then which of the following statements
is/are TRUE? [Adv. 2020]

(@)

1| 1
z+—|<—
5175 forall ze S

(b) |z|<2 forall ze S

19.

20.

21.

22,

All

1 1
TH—{>=
2153 forall ze S

©

(d) The set S has exactly four elements
Let s, t, ¥ be non-zero complex numbers and L be the set

of solutionsz=x+iy (x, y,eR,i= J-1 ) of the equation

sz+tz +r=0,where z = x— iy. Then, which of the

following statement(s) is (are) TRUE? [Adv.2018]

(a) IfL hasexactly one element, then |s| # ||

(b) If|s|=1¢, then L has infinitely many elements

(¢) Thenumberofelementsin LN {z:|z—1+i|=5}isat
most 2

(d) IfL has more than one element, then L has infinitely
many elements

For a non-zero complex number z, let arg(z) denote the

principal argument with —r < arg(z) < . Then, which of
the following statement (s) is (are) FALSE? [Adv. 2018]

LW
(a) arg(—1—1)=z,where i=-1

(b) The f:R—(-m,mr], defined by
f(t)=arg(—1+it) for all t R, is continuous at all
points of R, where ; = /_|

(c) Forany twonon-zero complex numbers z,; and z,,

z
arg (2—1] —arg(z)) +arg(z;)
2
is an integer multiple of 21t
(d) For any three given distinct complex numbers z,, z,
and z, the locus of the point z satisfying the condition

arg((z—zl)(q ~23)
(z—23)(2—21)
Let a, b, x and y be real numbers such that a—b=1 and
y # 0. If the complex number z = x + iy satisfies

function

J =1, lies on astraight line

az+b i .
Im s+1) "~ Y then which of the following is(are)

possible value(s) of x ?

(@) —1+\/1—y2 b) -1- l—y2
(©) 1+\/1+y2 (d) 1—\/1+y2

Let z, and z, be two distinct complex numbers and let
z=(1~1) z, + 1z, for some real number t with 0 <z<1. IfArg
(w) denotes the principal argument of a non-zero complex
number w, then [2010]

[Adv. 2017]

@ |z—z|+|z-2|=lz1— 2|
(b) Arg(z—z))=Arg(z—z,)

Z—Zl E—El
© -z ;-7
(d) Arg(z—z,)=Arg(z,~z)




Al2

6i -3i 1
23. If|4 3i —l=x+iy then [1998 - 2 Marks]
20 3 i
(@) x=3,y=2 (b) x=1,y=3
(¢) x=0,y=3 (d) x=0,y=0

13

24, Thevalue ofthe sum 21 @@+ ™", where i= \/_1 , equals
[1998 - 2 Marks]

n=

(@ i (b) i—-1 (c) —i (d 0
6
25. The value of Z (sinzlk—icoszik) is
o] 7 7
[1987 - 2 Marks]
@ -1 (b) 0 (c) —i @ i
(e) None

26. If z; and z, are two nonzero complex numbers such that

| zi + 25 |=| z1 | +] 25 |, then Arg z; — Arg z, is equal to
[1987 -2 Marks]

Match the Following

BOR ~
‘

27.

28.

Mathematics
s i
@ -= (b 5 © 0 (d) 5
© =
Let z, and z, be complex numbers such that z; # z, and
| Z] | = | z | .If z, has positive real part and z, has negative
zZ1+ 2

imaginary part, then maybe  [1986 - 2 Marks]
2 )
(b) real and positive

(d) purelyimaginary

(@) zero
(c) real and negative
(e) none of these.

If zy =a+ib and z, = c+id are complex numbers such
that |z,| = |z,|=1 and Re(z, z, )=0, then the pair of complex

numbers wy =a+ic and w, =b+id satisfies —

[1985 -2 Marks]
b) [wy =1
(d) none of these

@ |w =1
(©) Re(ww;)=0

29. Letzbeacomplex number satisfying |z[* + 22>+ 47 -8= 0, where Z denotes the complex conjugate of z. Let the imaginary part

of z be non-zero.

Match each entry in List-I to the correct entries in List-II.

List-I List-11
(P) |z is equal to @1 12
)
Q |z-7 is equal to Q) 4
-2 .

R) [z]*+ |z + z| is equal to @) 8

(S) |z+ 1P isequalto @ 10
6 7

The correct option is:

@ P)—=>(1),(Q—=>B)R)—>(5),(5)—>@)
(®) P)—>(2),(Q—> (1), R)—>3),(S)—>()
© P)=>2),(Q—=>#),R)—>(5),(S)—>(1)
@ P)—>2),Q—=>B)R)—>(5),(S)—>@)

30. Letz —cos(zk—njﬂsin(@j'k—l 2 9
. 5] k 10 10 s 9 Ly eeney T

List-I
P.  For each z, there exists as Z such that z,. z= 1
There existsa k € {1, 2, ...,9} such thatz,.z=z,

has no solution z in the set of complex numbers

|1—Zl||1—22|....|1—29|

R. T equals
9
2km
S. 1—2005(—] equals
e 10
P QRS
@ 1 2 43
© 1 2 3 4

[Adv. 2023]
[Adv. 2014]
List-I1
1. True
2. False
3. 1
4. 2
P Q RS
b)) 2 1 3 4
d 2 1 43
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8 Comprehension/Passage Based Questions

PASSAGE-1
LetS=S§, nS, N S,, where

z—1+43i
S ={zeC:|z|<4}, S, =2zeC:Im| ————— >0
= ||}2{ {1_@}}

and S; ={z €C:Rez>0}. [Adv. 2013]
31. AreaofS=
lox 20 lex 3
@5 05 ©5 @
min|1-3i—-z|=
32. min| |
243 2443 3-43 3443
b —
(@) 2 (b) > (©) 2 (d) 2
PASSAGE-2
Let 4, B, C be three sets of complex numbers as defined below
A={z:Imz>1} [2008]

B={z:]z-2-i|=3}
C={z:Re((1-i)z)=~/2}

33. The number of elements in the set ANBNC is
@ 0 (b) 1 © 2 (d)
34, Letzbeanypointin ANBNC.
Then, |z+ 1 — i +|z— 5 — i|* lies between
(@) 25and29 (b) 30and34
(c) 35and39 (d) 40and44
35. Let z be any point ANBNC and let w be any point
satisfying [w—2 —i| < 3. Then, |z| — |w| + 3 lies between

Al3

(@) —6and3 (b) —3and 6
(c) 6and 6 (d) -3and9

10 Subjective Problems

36. Ifz, and z, are two complex numbers such taht |z,| < 1<|z,)|

1- ZIEZ

then prove that <I. [2003 - 2 Marks]

)
37. LetZ,=10+6iand Z,=4 + 6i. If Zis any complex number

Z-z) =

, then prove
(Z-2,)

such that the argument of

that| Z—7-9i]= 3+/2. [1990- 4 Marks]
38. Show that the area of the triangle on the Argand diagram

formed by the complex numbers z, iz and z + iz is % |z |2 .

[1986 - 272 Marks]
39. Find the real values of x and y for which the following

equation is satisfied (A+9)x—2i + (2-3)y+i =i

3+i 3-i
[1980]
2 ;2
1 b
40. Ifx+iy= |2 * fb, prove that (x? +?)? = CER [1979]
c+id v d?
41. Express L in the form x + iy. [1978]

1—cosO+2isin0

Topic-2: Rotational Theorem, Square Root of a Complex Number, Cube

Roots of Unity, Geometry of Complex Numbers, De-moiver's Theorem,
Powers of Complex Numbers

B95 1

=

=)
. MCQs with One Correct Answer
1. Let9,,0,, ..., 0,4 be positive valued angles (in radian)
such that 0, + 0, + ... + 0,, = 2n. Define the complex
numbers z, = €1, z, = zk_leiek fork=2,3, ..., 10, where
i =+/-1. Consider the statements P and O given below :
P|Zz —Zl|+|Z3 _22|+'”+|210 _Z()|+|Zl —Zlo| < 2TE

Zg—le + <4m

+...+ +

2 2
21 =210

2 2
210 — 29

2
3723

0

[Adv. 2021]
(@) Pis TRUE and Qis FALSE
(b) Qis TRUE and Pis FALSE
(c) both Pand Q are TRUE
(d) both Pand Q are FALSE
2. Let S be the set of all complex numbers z satisfying

|z—2+i| >./5. If the complex number z, is such that

1 1
|Zo _1| is the maximum of the set {H ZE S} , then

4—-2z,-7
the principal argument of m is [Adv. 2019]
T3 n PR
@, O ©5 @

3. Letcomplex numbers o and = lie on circles (x — X0)2
o

+(y—yp)* =12 and (x —xy)? + (y—y)? = 4r2.
respectively. If z, = x, + iy, satisfies the equation

2|z,|* =1 +2, then|a| = [Adv.2013]

1 1 1 1
(@) Nz ®) = (©) Nzl @ 3
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10.

11.

Let zbe a complex number such that the imaginary part of

zisnon-zeroand a=z% +z+ 1 isreal. Then a cannot take

the value [2012]
! b L 1 Q2

@-1 ®5  ©5 @

Let z = x + iy be a complex number where x and y are
integers. Then the area of the rectangle whose vertices are

the roots of the equation : zz° +z 2> =350is [2009]

(a) 48 (b) 32 (c) 40 (d) 80
15
Letz=cos 6 +isin 0. Then the value of z Im(zzm_l)
m=1
at 0 =2°1is [2009]
1 b 1 1 d 1
@) sin 2° ®) 3sin 2° © 25sin 2° @ 4sin2°

A particle P starts from the point z, = 1 +2i, where i = J-1.
It moves horizontally away from origin by 5 units and then
vertically away from origin by 3 units to reach a point z,.

From z, the particle moves /2 units in the direction of the

A A . T .
vector ; + j and then it moves through an angle =i

anticlockwise direction on a circle with centre at origin, to
reach a point z,. The point z, is given by [2008]
@ 6+7i (b) 7+6i (c) 7+6i (d) 6+7i

z

If|z|=1and z# + 1, then all the values of lieon

1z
(@) aline not passing through the origin [2007 -3 marks]
) |2]= 2
(c) thex-axis
(d) they-axis
A man walks a distance of 3 units from the origin towards
the north-east (N 45° E) direction. From there, he walks a
distance of 4 units towards the north-west (N 45° W)
direction to reach a point P. Then the position of P in the
Argand plane is [2007 -3 marks]
(a) 3e™4+4i (b) (3—4i)ei™
(©) (4+3i)el™ (d) (3+4i)ei™
a, b, c are integers, not all simultaneously equal and ®is

cube root of unity (o # 1), then minimum value of
la+ bo+ co?|is [2005S]

@ 0 (b) 1

© 2 (d) 1
o) M2 -
2 2
The locus of z which lies in shaded region (excluding the
boundaries) is best represented by

(@) z:|lz+1|>2and|arg(z+])| <m/4
(b) z:|z—1|>2and|arg (z—1)|<m/4
(©) z:lz+1|<2and |arg (z+1)|<m/2

12.

13.

14.

15.

16.

17.

18.

19.

20.

Mathematics

If o (# 1) bea cube root of unity and (1 + ®2)" = (1 + &),
then the least positive value of n is [2004S]
@ 2 (b) 3 (© 5 (d 6

-1
If |z] =1 and wzz—( where z # —1) , then Re(® ) is
z+1 ’

[2003S]
@ 0 (b — 2
|z+l|
© = @ 2
o [T 2
Z+1|Z+H2 |z+1|2
I V3
Let o = —5+ 17 , then the value of the det.
11 1
2 2
I —l-om o 4 [2002 - 2 Marks]
1 o ot
@ 3w (b) 3o(w-1)
©) 302 (d) 3o(l-o)

The complex numbers z;, z, and z, satisfying
Zl—Z3 _ 1—1\/§
Zp—Z3 2

are the vertices of a triangle which is

[2001S]
(a) ofarea zero (b) right-angled isosceles
(c) equilateral (d) obtuse-angled isosceles
Let z; and z, be n' roots of unity which subtend a right
angle at the origin. Then #» must be of the form [2001S]

@) 4k+1 (b) 4k+2
() 4k+3 d) 4k

Ifi—ﬁ,then4+5[—%+TJ 3y s

equal to [1999 - 2 Marks]

@ 1-iV3 (b) —1+iV3
© i3 @ -3
If o (1) isa cube root of unity and (1+ )’ =4 +Bo

then 4 and B are respectively [1995S]
@ 0,1 (b) 1,1 (© 1,0 d -1,1
Ifa, b, c and u, v, ware complex numbers representing the
vertices of two triangles such that ¢ = (1 —r) a + rb and
w= (1 —r)u+rv, where r is a complex number, then the two
triangles [1985 -2 Marks]
(@) havethesamearea (b) aresimilar
(c) are congruent (d) none of these
Thepoints z,, z,, z5 z, in the complex plane are the vertices
of a parallelogram taken in order if and only if

[1983 -1 Mark]
(b) z,+z3=2,+ 2z
(d) None of these

@ zytzyg=zy+23
(©) zytzy=2z3+z,
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21.

22,

23.

24,

25.

26.

27.

{ Fill in t.he Blanks

28.

29.

If z=x+iy and ®=(1-iz)/(z—i), then |®|=1 implies
that, in the complex plane, [1983 - 1 Mark]
(@) zlieson theimaginary axis

(b) zlies on the real axis

(c) zlieson the unit circle

(d) None of these

The inequality |z - 4| < |z — 2| represents the region given
by [1982 - 2 Marks]
(@) Re(z)>0 (b) Re(z)<0

(c) Re(z)>0 (d) none of these

(B3 i)

IfZZLT-FEJ

(@) Re(2)=0 (b) Im(z)=0
(©) Re(2)>0,Im(z)>0 (d) Re(z)>0,Im(z)<0
The complex numbers z=x+iy which satisfy the

(5

A
200 then [1982-2Marks]
Ty

Z_Sl. =1 lieon

equation
z+5i

[1981 - 2 Marks]

(@) thex-axis

(b) thestraight liney=35

(c) acircle passing through the origin

(d) none of these

Ifthe cube roots of unity are 1, @, ®%, then the roots of the
equation (x— 1)>+8=0are [1979]
@@ —-1,1+2m,1+20%> (b) —1,1-2m, 1 —20?

() -1,-1,—-1 (d) None of these

2 Integer Value Answer/ Non- Negative Integer
For a complex number z, let Re(z) denote the real part of z.
Let S be the set of all complex numbers z

satisfying - |z |4= 4i22, wherei=+/—1. Then the

minimum possible value of] z; — 2 |2, where z;, z, €S
with Re(z;) > 0 and Re(z,) <0, is

[Adyv. 2020]
Let @ #1 be a cube root of unity. Then the minimum of the

2
set {‘a +bw+cw’| :a,b,c distinct non-zero integers}

equals [Adv. 2019]

The value of the expression
1+(2-0)(2-02)+2+(3—0)(3-0?)+... +(n—1).(n—0)(1—0?),
where o is an imaginary cube root of unity, is.....
[1996 - 2 Marks]
Suppose Z,, Z,, Z, are the vertices ofan equilateral triangle
inscribed in the circle|Z]=2.If Z; =1+ i V3 then Zy= . ,
3T s [1994 - 2 Marks]

30.

31.

32.

Al5

ABCD is arhombus. Its diagonals AC and BD intersect at
the point M and satisfy BD = 2AC. If the points D and M
represent the complex numbers 1 + i and 2 - i respectively,
then A represents the complex number ......... Of..ccuune.
[1993 - 2 Marks]

If a and b are the numbers between 0 and 1 such that the
points z; =a+i,z,= 1+ biand z;= 0 form an equilateral
triangle, then a=....... andb=.......... [1989 - 2 Marks]
For any two complex numbers z;, z, and any real number a
and b. [1988 -2 Marks]
|az, —bz, |2 +] bz, +az, P=n.

5 True / False

33.

34.

3s.

The cube roots of unity when represented on Argand
diagram form the vertices of an equilateral triangle.

[1988 - 1 Mark]
If three complex numbers are in A.P. then they lie on a
circle in the complex plane. [1985- 1 Mark]
If the complex numbers, Z,, Z, and Z, represent
the vertices of an equilateral triangle such that

|Z,|=1Z,|=|Z; | then Z, + Z, + Z; = 0. [1984 - 1 Mark]

6 MCQs with One or More than One Correct Answer

36.

37.

Leta,be Randa%+b? = 0.

Suppose S={Z€CZZ= ,eR*,t;ﬁO},where

a+ibt
i=+/—1.Ifz=x+iyandz € S, then (x, y) lieson
[JEE Adv. 2016]
1 1
(a) the circle with radius —— and centre | 70 | for
2a 2a
a>0,b= 0
1 1
(b) the circle with radius ——— and centre | =50 | for
2a 2a
a<0,b#0
(c) thex-axisfora #0,b=0
(d) they-axisfora=0,b#0

V3 +i
2

Let w=

andP={w":n=1,2,3,...}. Further H, =

1 -1
{zeC:Rezﬁ} and H2={Z€CZRGZ<7}, where c is

the set of all complex numbers. If zy e PN Hy,z; e PN H,
and Orepresents the origin, then £z, 0z, = [Adv. 2013]

T T 2n 5w
(a) B (b) 3 (© 3 (d) o
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38. Ifoisan imaginary cube root of unity, then (1 + o — w?)’
equals [1998 - 2 Marks]
(@ 1280 (b) —128w (c) 128w?  (d) —128c?

7 Match the Following

39. Match the statements in Column I with those in
Column IL
[2010]
[Note : Here z takes values in the complex plane and Im z and Re z denote , respectively, the imaginary part and the real part of z.]
Column 1 Column 1T
4
(A) The set of points z satisfying (p) an ellipse with eccentricity 3
|z—i|z||=|z+i]|z|| is contained in or equal to (q) thesetof points z satisfying Imz=10
(B) The set of points z satisfying (r) the set of points z satisfying [Imz| <1
|z+4|+|z—4|=101is contained in or equal to
(C) If| w|=2, then the set of points (s) the set of points z satisfying | Re z | <2
1
z=w——"1is contained in or equal to
w
(D) If|w|=1, then the set of points (t) the set of points z satisfying | z | <3
1
z=w+ — is contained in or equal to.
w
40. z x0isacomplex number [1992 - 2 Marks]
Column1I Column IT
(A) Rez=0 (P Rez2=0
T 2
®) Argz:z (@ Imz?=0
@) Rez?=Imz>
10 Subjective Problems
41. If one the vertices of the square circumscribing the circle
lz—1| = V2 is 2++/3 i . Find the other vertices of the the coefficients p and ¢ may be complex numbers. Let 4
square. [2005 - 4 Marks] and Brepresentz, and z, in the complex plane. If Z4OB =

. ) . ] a # 0and OA = OB, where O is the origin, prove that
42. Find the centre and radius of circle given by

a
- % = 44 cos? [_j : 1997 - 5 Marks
Y ke ) [ |
z—PB B
where, z=x+iy, o =0, + iy, p=p,+ip, 47. Find all non-zero complex numbers Z satistying Z =iZ?.
[2004 - 2 Marks] [1996 - 2 Marks]

43. Prove that there exists no complex number z such that 48. If|Z|<1, |W |<1, show that
| Z-W P <(Z|= W) H(ArgZ~ArgW)?
[1995 - 5 Marks]
49. Ifiz3+z>—z+i=0, then showthat|z|=1.

n
|z] <% and ) a.z" =1 where|a,|<2.[2003 - 2 Marks]

r=1

44. Letacomplex number o, o # 1, be aroot of the equation

P*4— 2P — 29+ 1 =0, where p, ¢ are distinct primes. Show [1995 - 5 Marks]
thateither l +a+o2+...+a? 1=00or1+a+o2+..+ 50. Ifl,a,a, ... ,a, _ are the nroots of unity, then show
ad~ =0, but not both together. [2002 - 5 Marks] that(1-a;)(1-a,) (1-ay)..(1-a,_)=n
45. For complex numbers z and w, prove that [1984 - 2 Marks]
lz]> 0|02 z=z-wifand onlyifz=worze =1. 51. Prove that the complex numbers z,, z, and the origin
[1999 - 10 Marks] form an equilateral triangle only if
22 +2,2 2,2, =0. [1983 - 3 Marks]

46. Letz andz, be roots of the equation 22+ pz+q =0, where
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52.

o8

=

1.

&)

Let the complex number z,, z, and z; be the vertices of'an
equilateral triangle. Let z, be the circumcentre of the
triangle. Then prove that 212 + 222 + 232 = 3202.

[1981 - 4 Marks]

53.

Al7

Ifx=a+b,y =ay+ bP and z= af} + by where yand 3 are the
complex cube roots of unity, show that xyz = a> + b3.
[1978]

Topic-3: Solutions of Quadratic Equations, Sum and Product of Roots,
Nature of Roots, Relation Between Roots and Co-efficients,

Formation of an Equation with Given Roots

I MCQs with One Correct Answer

Suppose a, b denote the distinct real roots of the quadratic

polynomial x? +20x-2020 and suppose ¢, d denote the
distinct complex roots of the quadratic polynomial

x? =20x+2020. Then the value of [Adv. 2020]
ac(a—c)+ad(a—d)+bc(b—c)+bd(b—-d) is

@) 0 (b) 8000

(c) 8080 (d) 16000

T i
Let 3 <0< TR Suppose 0, and B, are the roots of the

equation x> — 2x sec 0 + 1 = 0 and a, and [3, are the roots
of the equation x2 + 2x tan 6 — 1 =0. Ifo, > B, and o, > B,

then o, + B, equals [Adv. 2016]
(@) 2 (sec 6—tan 0) (b) 2secH
(c) —2tan0 @ o

The quadratic equation p(x) = 0 with real coefficients has

purely imaginary roots. Then the equation p(p(x))= 0 has
[Adv. 2014]

(a) one purely imaginary root

(b) all real roots

(c) tworeal and two purely imaginary roots

(d) neither real nor purely imaginary roots

If ¢ e R and the equation

—3(x—[x])2 +2(x—[x])+a2 =0

(where [x] denotes the greatest integer < x ) has nointegral
solution, then all possible values of a lie in the interval:

[Main 2014]
@ (-2-1) ) (~0,-2)U(2,0)
© (-1,0)u(0,1) @ (12)
Let o and B be the roots of x2 — 6x — 2 = 0, with o> B. If
n n ayg — 2618 .
a, =o' —p" forn > 1, then the value ofT is
9
[2011]
(@ 1 (b) 2 © 3 d 4

Let (x4, y,) be the solution of the following equations

(2x)(n2 _ (3y)(n3 ; 3(nx _ 2(ny .

Then x, is [2011]

10.

1

1 1
@y ®35 © 5 @6

Let p and ¢ be real numbers such that p # 0, p3 #q and
p3 #—q. If . and B are nonzero complex numbers

satisfying o. + B = — p and o3 + B3 = ¢, then a quadratic

equation having % and B as its roots is [2010]
o

@ (PP +q)x" = (P’ +2g)x+(p> +¢)=0

®) (P +)x" = (P’ —29)x+(p> +¢)=0

© (P’ -x* —(5p° —2q)x+(p’ —q) =0

@ (P’ -)x* =(5p> +29)x+ (P’ ~q) =0

Let o, B be the roots of the equation x2 — px + r = 0 and

a .
> 2B be the roots of the equation x> — gx + 7= 0. Then

the value of r is [2007 -3 marks]

(a) %(p -9)2q9-p) (b) %(q -p)(2p-9q)

© 2a-2p)2-p) @ S@p-9X2g-p)

Let a, b, ¢ be the sides of a triangle where a # b # ¢ and

A € R. If the roots of the equation

x2+2(a+b+ c)x+ 3\ (ab+bc+ ca)=0 are real, then
[2006 - 3M, —1]

4 5
@ 2<] ® 2>
15 4 5
(C) }\.G[E,Ej (d) }\.G[E,EJ

If one root is square of the other root of the equation
x%+ px+ g =0, then the relation between p and ¢ is [2004S]
@ pP—qBp-1)+¢*=0

(b) pP*—qGBp+1)+¢*=0

© pP+qBp-1)+¢*=0

(d) p*+qGpt1)y+¢*=0



Al8
11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

For the equation 3x? + px +3 =0, p> 0, if one of the root is
square of the other, then p is equal to [2000S]
(@ 173 (b) 1 c 3 d) 273

Ifb> a, then the equation (x —a) (x — b)—1 =0 has [2000S]
(a) both roots in (a, b)

(b) both roots in (—o, a)

(c) both roots in (b, +o0)

(d) oneroot in (—o0, a) and the other in (b, +o0)

Ifocand B (o< B) are the roots of the equation x2 + hx + c=0,

where ¢ <0 < b, then [2000S]
@ O<a<p (b) a<O0<B<faf
(© a<f<0 (d a<O0<fa[<B

Ifthe roots of the equation x* — 2ax + a + a—3 =0 are real
and less than 3, then [1999 - 2 Marks]

(@ a<2 (b) 2<a<3

(c) 3<a<4 (d a>4

Let p,q €{l, 2,3, 4} . The number of equations of the form
px?+ gx + 1 =0 having real roots is [1994]
(@ 15 (b) 9

© 7 d 8

Let a, B be the roots of the equation (x — a) (x — b) = c,
¢ # 0. Then the roots of the equation

(x—a)(x—P)+c=0are

@) a,c (b) b,c
(c) a,b (d ate,btc

Let a, b, ¢ be real numbers, a = 0. If o is a root of
a’x? + bx + c=0. B is the root of a>x*> — bx — ¢ = 0 and
0 < o< B, then the equation a?x% + 2bx + 2¢ =0 has a root
y that always satisfies [1989 - 2 Marks]

[1992 - 2 Marks]

o+p B
a = b =0 +—
@ vy 5 (b) v 5
() y=a d a<y<B

. 2 2
The equation X — =1-—— has [1984 - 2 Marks]
x—1 x—1

(a) no root (b) one root
(c) two equal roots (d) infinitely many roots

If (x2 + px + 1) is a factor of (ax® + bx + ¢), then [1980]
(@) a*>+c2=—ab by da?-c*=—ab

(¢) a>—c*=ab (d) none of these

Both the roots of the equation
(x=b)(x—c)+(x—a)(x—c)+ (x—a) (x—b) = Oare always
(@) positive (b) real [1980]
(c) negative (d) none of these.

If ¢, m, narereal, ¢+ m,then the roots by the equation:
(L —mx2=5(L+m)x—2({—m)=0are [1979]

Mathematics

(@) Realand equal
(c) Real and unequal

=.>

22. The product of all positive real values of x satisfying the

(b) Complex
(d) None of these

Integer Value Answer/ Non- Negative Integer

(16(10g5 x)3—68 logs x) _16 -
=5 " 1s

equation x .
[Adv. 2022]

23. For x € R, then number of real roots of the equation
3x2—4x2—1|+x—1=0is [Adv. 2021]

3 Numeric/ New Stem Based Questions

24. The smallest value of &, for which both the roots of the
equation x? — 8kx + 16 (k* — k+ 1) = O are real, distinct and

have values at least 4, is [2009]

{  Fill in the Blanks

25. If the product of the roots of the equation
x% —3kx + 2 €2I"k_ | =0 is 7, then the roots are real for

[1984 - 2 Marks]

26. If 2+i/3 isaroot ofthe equation x4 px+¢q =0, where

pandgarereal, then (p, g)=(..cceeceveunnne. y eerenreeeneenens ).
[1982 - 2 Marks]

5 True / False

27. Ifa<b<c<d,then theroots of the equation
(x—a) (x—c)+2(x—>) (x—d)= 0 arereal and distinct.
[1984 - 1 Mark]
28. Theequation 2x2 + 3x + 1 =0 has an irrational root.
[1983 - 1 Mark]

6 MCQs with One or More than One Correct Answer

29. LetR%denoteR xR.LetS = {(a,b,c:a, b, ccRand
ax?+2bxy + cy? >0 for all (x, y) € RZ - {(0, 0)}.
Then which of the following statements is (are) TRUE?
[Adv. 2024]

(a) [2,%,6) eS

(b) If [3abaéj65,then|2b|< 1.
(c) For any given (a, b, ¢) € S, the system of linear
equations ax + by = 1 by + ¢y = —1 has a unique
solution.

(d) For any given (a, b, ¢) € S, the system of linear
equations (@ + )x + by=0bx+ (c+1)y=0has a
unique solution.
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30. I£37=4%1 thenx= [Adv. 2013]
2logs 2
@ Zlogy2-1 ® 3 10g, 3
1 2log, 3
© T-log,3 2log, 3-1

8 Comprehension/Passage Based Questions

Let p, q be integers and let o, B be the roots of the equation,
x?—x—1=0,wherea# . Forn=0, 1,2, ..., leta = pa’+q "

FACT : If a and b are rational numbers and a+b\/3=0, then

a=0=b [Adv. 2017]
31. a, =

@ a;;—a (b) a;;tay

(©) 2a;;+a (d a;; +2a,

32. Ifa,=28,thenp+2q=
(@ 21 (b) 14 © 7 d 12

9 Assertion and Reason/Statement Type Questions

33. Leta,b,c,p, qbereal numbers. Suppose a, 3 are the roots

. 1
of the equation x2 + 2px + ¢ =0 and o, E are the roots of

the equation ax? +2bx + ¢ =0, where B> ¢ {~1, 0, 1}
STATEMENT -1: (p?>—¢q) (b*—ac) > 0

and

STATEMENT -2: b+ pa or c # qa [2008]

(@) STATEMENT - 1 is True, STATEMENT - 2 is True;
STATEMENT - 2 is a correct explanation for
STATEMENT - 1

Al9

(b) STATEMENT - 1 is True, STATEMENT - 2 is True;
STATEMENT - 2 is NOT a correct explanation for
STATEMENT - 1

(c) STATEMENT - 1 is True, STATEMENT - 2 is False

(d) STATEMENT - 1 is False, STATEMENT - 2 is True

10 Subjective Problems

34.

3s.

36.

37.

38.

39.

40.

41.

42,

Let a and b be the roots of the equation x2 — 10cx — 11d =0
and those of x2 — 10ax — 115 =0 are ¢, d then the value of

at+b+c+d,whena#b+#c+#d,is. [2006 - 6M]

Ifx?+(a—b)x+ (1 —a—b)=0where a, b € R then find the
values of a for which equation has unequal real roots for
all values of . [2003 -4 Marks]

If o, B are the roots of ax? + bx + ¢ = 0, (a # 0) and
o +38, B+8 are the roots of Ax% + Bx + C =0, (4 # 0) for
b* —4ac  B* -4AC
some constant § , then prove that = 2 .
a
[2000 - 4 Marks]
Let a, b, ¢ be real. If ax? + bx + ¢ = 0 has two real roots
aand B, where a<-1 and B>1, then show that

2<0,
a

c
I+—+

P [1995 - 5 Marks]

Solve | x> +4x+3|+2x+5=0 [1988 - 5 Marks]
For a < 0, determine all real roots of the equation
x* = 2a| x — a|-3a*>=0 [1986 - 5 Marks]

2 2
Solve for x; (5+246)° = +(5-2J6)" 2 =10
[198S - S Marks]

Solve the following equation for x : [1978]

2log.a+log, a+3 loga2 a=0,a>0
X

Solveforx: /x+1—-+/x-1=1. [1978]
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Topic-4: Condition for Common Roots, Maximum and Minimum value of
Quadratic Equation, Quadratic Expression in two Variables, Solution of
Quadratic Inequalities

£

= r—1

G 1 MCQs with One Correct Answer o1
(a) 2 ’ 5

1. A value of b for which the equations

1
(b) [—550]
X2+bx—1=0

1 11
WP+x+b=0 © (0@] G [@5}

have one root in common is (2011] 7. Ifa, b, c,dand p are distinct real numbers such that
, . (@*+ b*+ A)p* -2 (ab+ be + cd)p + (b*+ c* + d*) <0
@ V2 ® -3 ©i5 @2 then a, b, ¢, d [1987 - 2 Marks]
2. Forall ‘x°, x2+ 2ax + 10— 3a >0, then the interval in which (a) areinA.P. (b) arein G.P.
‘a’ liesis [2004S] (c) areinH.P. (d) satisfy ab= cd
(@ a<-5 (b) -5<a<2 (e) satisfy none of these
(©) a>5 (d) 2<a<5
. (—a)x-b)
2 Tnteger Value Answer/ Non-Negative Integer 8. Forrealx, the function ————— willassume all real
3. Letf(x)=x*+ ax’ + bx? + ¢ be a polynomial with real values provided [1984 - 3 Marks]
coefficients such that /(1) = —9. Suppose that ;,/3 is a @) a>b>c (b) a<b<c
(c) a>c>b (d) a<c<b

root of the equation 4x + 3ax? + 2bx = 0 where ; = \/_1 . If

) 10 Subjective Proble
o, Oy, 0y and a4 are all the roots of the equation f(x) = 0, e
2
1

then o, |2+ |oy > + ot ? + |ty is equal to ; 9. Leta,b,cbe real. numbers with a # 0 and let o, B be the
roots of the equation ax? + bx + ¢ = 0. Express the roots of
[Adv. 2024] o 2
a’x~+abcx+c>=0interms of o, B.  [2001 - 4 Marks]
+ 10. Find all real values of x which satisfy x*> —3x+2>0
4.  Ifthe quadratic equations x>+ ax + h=0andx* + bx +a=0 5
and x“ -3x-4<0 [1983 - 2 Marks]
(a # b) have a common root, then the numerical valueof = 11, £, B are the roots of x2 + px + ¢ = 0 and y, & are the
a+bis..ne. [1986 - 2 Marks] roots of x2+ rx + s =0, then evaluate (0. —7) (. —8) (B—7)
‘@) 5 Trae / Fal (B —9) in terms of p, g, r and s.
? rue T ralse Deduce the condition that the equations have a common
5. IfP(x) = ax* + bx + c and Q(x) = —ax? + dx + ¢, where root. [1979]

ac # 0, then P(x)Q(x)=0 has at least two real roots.
[1985 - 1 Mark]

6 MCQs with One or More than One Correct Answer

6. Let S be the set of all non-zero real numbers o such that
the quadratic equation ox? —x + a. = 0 has two distinct real
roots x, and x, satisfying the inequality |x, —x,|< 1. Which
of the following intervals is(are) a subset(s) of §?

[JEE Adv. 2015]
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? Answer Key

Topic-1 : Integral Powers of lota, Algebraic Operations of Complex Numbers, Conjugate, Modulus

and Argument or Amplitude of a Complex Number

L @ 2 O 3. () 4. @ 5 @ 6 (© 7@ 8 @ 9 (81)10. @

1. 5 12. (050) 13. @@ 14. [2pn,mr+§) 15. (True) 16. (a,c,d) 17.()  18. (b,c) 19. (a,c,d)

20. (a,b,d) 21. (a,b) 22. (acd)23. (d) 24. (b) 25. (d) 26. (c) 27. (a,d)28. (ab,c)
29. b 30. ¢ 31..(b) 32 (© 33 (b 34. (© 35 (d

Topic-2 : Rotational Theorem, Square Root of a Complex Number, Cube Roots of Unity, Geometry of

Complex Numbers, De-moiver’s Theorem, Powers of Complex Numbers

L © 2 @ ) 4. @ 5 @ 6 (d 7. 8 (@ 9 (@ 10. (b
1. @ 12. (b) 13. @ 14 (b 15 (© 16. (d) 17. ¢ 18. (b) 19. (b) 20. (b)

2. (b)) 22. (d) 23. (b) 24. (a 25. (b) 26. 8 27. 3) 28. %(n—l)n(n2+3n+4)

29. 21-i\3 30. 3—1'/ 2 orl—%i 31. 2-3,2-3  32. (@+P)(zP+]z,P) 33. (True)34. (False)

35. (True) 36. (a,c,d)37. (c,d) 38. (d 39. A—(q,r);B—>(p);C—(p,s,t);D>(q,1,s,t)
40. A—>(q;B—(p)

Topic-3 : Solutions of Quadratic Equations, Sum and Product of Roots, Nature of Roots,

Relation Between Roots and Co-efficients, Formation of an Equation with Given Roots
1. (@ 2. (¢ 3. (@ 4. (¢ 5. (o) 6. (¢ 7. (b) 8. (d 9. @ 10. (a)
11. (¢ 12. (d) 13. (b) 14. (@ 15. (¢ 16. (c0 17. (d 18. (a 19. () 20. (b)
2. (© 22. (1) 23. (4 24. 2) 25. 2) 26. (-4,7)27. (True) 28. (False) 29. (a,b,c)30. (a,b,c)
3. b 32. @ 33. (b)

Topic-4 : Condition for Common Roots, Maximum and Minimum value of Quadratic Equation, Quadratic

Expression in two Variables, Solution of Quadratic Inequalities

L b 2 () 3. (20) 4. () 5 (True) 6. (a,d) 7. b)) 8 (c.d)
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Quadratic Equations

Now, z =rcos(—0)+1i sin(—0) =r[cos(0)—isin(0)]

@ Topic-1: Factorials and Permutations Again —z = —r [cos () —isin ()]
= =r [cos(n—0)+i sin(n—0)]
1. (@) W wz is purely real oo arg (-z)=1-6;
1-z Thusarg (—z)—arg(z)=n—-0—(-0)=n—-0+0=n
(W—V_VZ)_(W—VT/Z) L owE_w-iz 5. @ (A+)+1+2) +1+°0)2 +(1+iT)"
1-z 1-z -z 1-z ()T + (1= + (142 +(1—i)™
= W—WIZI—WZI+WzZ=W-—WZ—Wz+WwzZ Using 1+i=+/2 (cosm/4+isinm/4)
= w-w=w-w)|z] and 1—i=~2 (cosm/4—i sinm/4)
. We get the given expression as
= |zP=1(- w=a+ip andf # 0)
n mm
= |z| =1 and also given thatz # 1 =(\/§) |:COS ; +1i sin ; :|
.. The required setis {z: |z| =1,z # 1} =3» (®—1)
. ] . . ) mn . . M
2. (b) |z, F12 = z, lies ona circle with centre (0, 0) and radius +(\/§) |:COS—+1 s1n—:|
12 units. 4 4
And | z, -3 - 4i| = 5= 2z, lies on a circle with centre
3,4 and radius 5 units. +(\/§)n2 [cos@—l si n@:|
X 4 4

= (\/E)nl {2 cos%ﬂ:}+ (\/27)”2 {2 cos%}

= real number irrespective the values of n, and n,
" (d) is the most appropriate answer.

6. (¢) Giventhat |z+io|=z—i®|

From figure, it is clear that | z,~ z, | i.e,, distance between z, and

will be min when they lie at 4and B respectively i.e., O, t’ B,
/f are collinear as shown.

Then z—z, = AB = O4 — OB = 12 — 2(5) = 2. As above is the —> z lies on perpendicular bisector of the line segment joining
minimum Value, we must have | z— z,| >2.

= |z—(iw)|=]z - (~io)|

(—i®) and (~iw). which is real axis, (—i) and (—i®)

3. @ Given:|z|=]z|=]z=1 being mirror images of each other.

X B Im(z) = 0
Now, [z |=1 =]z =1 = 27 =1 Ifz=x,then|z|£1 Syl <l=>-1<x<]
Similarly 2,7, =1, 2373 =1 ~. (c) is the correct option.
7. (@) - |z|=|ow|andargz=n—arg ®
1 1 1 . L
Now. +Z—+Z— == |7+ +5 =1 Let @=re'® the.nz=re'(n 9
2 3 N e—ze
= |zl +2, +z3|=1 = |zl +2, +z3|=1 =(re_ie) (cos t+isinm)=o (-1)=-o
4. (a) Given: arg () <0 (given) = arg () = - 0 g d 1+ 1+ i)2 C1-1+ 21
- @ STy 2
(-2 Now " =1 = the smallest positive integral value of n should be
\ 4.
2 6 9. (281) is a positive integer
o oR_® x
» _ 281(49+18sin0.cos0 +i (21 cos 0 +42 sin 0))
) 49 +9cos” 0
for postive integer Im(z) =

Y 21 cosO +42 sin6=0
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= tan0 =—l, sin29=j, cos? 9=i.
2 5 5

281 (49 — 9 5in 26)

Now Re (2) =
owRe(2) 49 +9 cos” 0
281(49—9><—4j
-~ 3) g,
49 +9x—
5

ink

10. @) Given:oy= cos"7“+ism"7“:e 7

in(k+l) imk  ink

7 in/l
o —oy=e T —el =eT (M 1)

|0‘k+1 _ak| — |7 _1‘
12 _

o Yo —og| = 12)e™ 7 -]
k=1

3 .
Similarly, 2|04t 1 — Ctax_o|=3Je™” _1‘
k=1

12
Z|ak+l _ak|
k=1

=4

3
Z |0t4k71 - 0‘4k72|
k=1

11. (5) Given:|z—3-2i<2,
which represents a circular region with centre (3, 2) and
Y,

radius 2.
Z_[3_§i] @
b .

= 2 x distance of z from P X =
here z lies i the circl o A
(where z lies in or on the circle) 5
-5
Pe3)

Now, 2z — 6 + 5i| = 2

5
Also min distance of z from P = E
. Minimum value of 2z — 6 + 5i| =5 Y
4z +3z+2

4z* —3z+42
It can be written as

6z
4z —32+2

12. (0.50) Let X =

=1+

__ 5

2[2z+lj—3
z

-+ XeR, then 2z +l eR
z

Now X =1+

z—z

=0
|z

= 22+l=27+é = 2(2—7)—
z z

(2—7)(2—|21|ZJ=0

13.

14.

15.

_ . 2 1
z #Z (given). So, | z| =E
@) Given,E—zzzi(E+zz)
It can be written as E(l—i)=22 (1+19)
So |Z||1—i|=|z|1+i]

|z|=|z? =|z|=00r|z|=1
Let arg (z) = a.. So from (i), we get

nm—o -t =20 +=
4 4

a—l 4n -1 7r_(4}1—1)7t
- 2 6

3

So we will get 3 distinct values of a.. Hence there will be total 4
possible values of complex number z.

_ sinx/2+cosx/2+itanx
1+2isinx/2

Let z

_ (sinx/2+cosx/2+itanx)(1-2isinx/2)
(1+2isinx/2)(1-2isinx/2)

[sinx/2+cosx/2+2sinx/2tan x)
+i(tan x —2sin’ x/2 — 2sin x /2 cos x/2)]

(1+4sin2 x/2)

But it is given that z is real.
w1 (2=0

FEaE. x x
= tanx—Zsm—(sm—+cos—j=O
2 2 2

Y in? x/2-2 sinx/2 cos x/2=0

cosx
o SIrlx—(l—cosx)—sinxzo

cosSXx
= sinx{ —1}—[1—c0sx]=0

cos x

1- .
— (ﬂjsmx—[l—cosx]zo

coS x

= (l—cosx)(smx—ljzo
cos x

= cosx=1 = x=2nm
and tanx=1 = x=nmw + /4

x=2nm,nmw + w/4
(True) Letz=x+ iy, then 1Nz=1<x&0< y (by def.)
Consider,
1—z_1—(x+iy)_(l—x)—iyx(1+x)—iy
1+z_1+(x+iy)_(1+x)+iy (1+x)—iy

l—xz—y2 _p(l-x+1+x)

1022 (0?4 )?

l—xz—y2 2iy

BT e (S e
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2 2
2 2
1-2z 0 l—x——ySO :>[Z+lj -+-E >1 :(z+l] lez.,_lzl
1+z (1+x)%+y? 2) 4 2 4 2|72
2y also |2 +z)+1]=1
and (1+x)2+y2£0 S|P+ -1<1 =2 +2<2

16.

17.

18.

= 1-x*-»*<0and -2y<0

= x*+ y2 >1land y 2 0, which is true as

x>1and y>0

Hence, the given statement is true V z € C.

(a,¢,d)(a)S= {a+b\2:a,b €7}
Forb=0;Z S

T,= (142" =m+2n,mneZ

T,= (1+\/§)n =m +~N2n,my,n,e”Z
For n € N elements of T, and T, are of the form

a+b\/§

Hence ZUT, UT, =S

(b) Now, —1+/2 <1 and its higher powers decreases

1
—1+2)" d b dei (0,—] fi
:( 1 2) < 1 and can be made 1n 202 or

some higher 7.

(¢) 1++/2 >1 and its higher power increases
n
= (l +2 ) can be made in (2024, oo) for some higher 7.

(d) cosm(a+bN2)+isinm(a+b2)eZ if

a+b+2 isaninteger = b=0
(a) Letz=red= z=re

2.1 2 e 1
(z) e Tt o
zZ r e

where a, b€ Z

2, 1) 2 .
RN R

2
1
So, (r2+_zj =a*+b? S A (@ 2yt 1=0

P
4 (@%+b%=2)t4(a’+b>-2)2 -4
=7 = 5

4 43+34/205
2

for option (a): | z| =
= d?2+b*=45ie (a,b)=(+6, £3)or (3, +6)
7++~/33 11
For option (b): |z|4:—\/— = a?+b>=—
4 2
13
For option (c): a* +b? :E

13
For option (d): a*+b? = ?

(by¢) |2+z+1]=1

19.

20.

S| - <2 +2<2= P -<2=>r=<2; v z€ S

Hence, set 'S' is infinite
(a, c, d)
We have,

sz+z+r=0 ... @
On taking conjugate

SZ+tz+7=0 .. (i)
On solving Egs. (i) and (ii), we get
rt—rs
Z = -
2 2
sl ” =l
(a) For unique solutions of z
[ | # 0= |s] %I
It is true.
(b) If |S| = |t| , then 7t — g may or may not be zero.
So, z may have no solution.
. L may be an empty set.
It is false.
(c) Ifelements of set L represents line, then this line and given

circle intersect at maximum two point.
Hence, it is true.

(d) In the case locus of z is a line, so L has infinite elements.
Hence, it is true.
@, b, d)

(@) arg(=1-i)= Tﬂ
.. (a) is false

-1
) f@)=arg(-1+it) = [ﬂ—tan ®),t20

—m+ tan”! (),t<0

lim f(f)=-n and lim f(t)==n
=0~ t—0"
LHL # RHL = f'is discontinuous at =0
. (b) is false.
(c) arg| — |—argz +argz,
)
= 2nn+argz; —argz, —argz +argz,
= 2nm, multiple of 27
-~ (c) is true.
(z=2)(z —a)) .

@ arg( (z=2z3)(z3—71)

(z=z)(zp—2z3) _

k, keR
(z=2z3)(zp — 71)
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21.

22.

23.

24.

(Z—ZIJ_]((ZZ—ZIJ
= = —-
Z—ZzZy Zy —Z3

=z, z|, 2y, z3 are concyclic. ie. z lies on a circle.
(d) is false. 25.
(a,b)a-b=1,y#0
az+b
Im =y
z+1
a(x+iy)+b (x+1)—iy
X -
= (x+l)+iy (x+l)—iy -y
—(ax+b)y+ay(x+l)
=Yy
= (x+1)2+y2
—axy —by+axy+ay
= (x+1)2+y2
= a-b=(x+172+y
= 1=x+1P2+y% - x=-1= ,/1_y2
(a,e,d) Given: z=(1—¢) z; +t z,, whereQ < £ < |
1-t)z, +1z
o o UoDz iz 26.
(A-1)+¢
= Zdivides the join of z,and z,internally in the ratio
t:(1-9).
) t 1-
". z;,z and z, are collinear —
zZ, z z,
= |z—z|+|z— 25| =)z~ 2|
Also z=(1-t)z, +t z,
z—z S
= = ¢, which is purely real number
-4
z—z
cLarg L 1=0 = arg(z—z) =arg(zy — )
|
z—z Z — 7
Also —L = — _1 =t
4 4
z—z; Z-7
-z -7
=(-2)z-7)=Z -7)(z,—z7)
z—z; z —z
- 1 = _1 ~0
Zy—2] Z,—Z2
274 2274 27.
(d) Taking —3i common from C,, we get
6i 1 1
=3il4 -1 -1|=0 (s C=C)
20 i i

= x=0, y=0

13 13 13
o 2@+ =Y A =A+i)) "
i=1 i=l i=1

Which forms a G.P.

13
) 13

. L (1=
Sum of GP. =1 (1+z)(1—l,
—1

=i—lasi” =i

d) L cos 27t+' sin 2n

t z= —+i —
@ Le 7 7
By DeMoivre’s theorem,

k 2nk . . 2mk
z ZCOST+Z sin

)
7

)
7

6
. 2mk
Now, Z(sm —7; —i cos

k=1

& 2nk . .
=Z(—z) coS ——+1 sin
k=1 7

6 6 7
. k. (1=27) ,[z—z ]
=) z'=-iz =—j
( )kzzl 1-z 1-z
=(-i) (2_1):[:- 2] =cos 2m+isin 2 =1]
1-z
.(I—ZJ .
=il — |=i
1-z
(¢ Let z =7 (cos 0 +isin 0;)

and 2z, =7 (cos 0, +isin 0,)
where 7=z |, 1 = 2, |, 0 =arg (), 0, =arg (z;)
. Z1+2p =1 (cos B +i sin B))+r, (cos O, +i sin 0,)
= (ricos O; +ry cos 0,)+i(r sin B, +r, sin 0,)
_ 2 2 2
So, [z, + )| =1 cos” O] +r5 cos” 0, +27 r, cos 0; cos 0,
- r12 sin’ 0, +r22 sin’ 0, +2r 1, sin O, sin 6,
L _ )] 2
K +r, +21n 1 cos(0; —05)
and | z)[+]zp =1 +7,

Given | zj + 25 |=|z; | +] 25 |

2 2 2
= |+ =z [+ +2]z |2 |
22 2.2
= H A5 +2ncos(0-0)=H +15+21n
p— COS(91—92)=1:> 91—92:0

arg (zl) =arg (Zz)
(a,d) Let zy =a+ib,a>0and beR; z; =c+id,
d <0,ceR, then
lz1|=|zy | = a2 +b2 =c2 +d?2
=a? - =d*-p’ (i)
142, :(a+c)+i(b+d)
(a—c)+i(b—d)
[(@> =)+ (b* —d®)+i[(a—c)(b+d)—(a+c)(b—d)]
(a—c)* +(b-d)?

Now,
11—
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ifla=c)(b+d)—(a+c)(b—d)]
(a—c) +(b-d)*
Which is purely imaginary number or zero in case
atc=b+d=0.
28. (a,b,¢) zy=a+ib and z,=c+id.
Acc. to the ques, | zi [> = |z, P=1

= a?+b*=1 and A+d?=1. ()

[Using (i)]

AlsoRe (z; z,)=0 = ac+bd =0

a —d

b
From (i) and (ii), we get

P+ =2+t = b =c%

Similarly, a*> =d?
| oy |=\/az+c2 =\/02+d2 =1

and |(02 |:\/b2+d2 :\/C2+d2 =1
Also, Re (@) 0,) =ab+cd =(bo)b+c(=ca)

—a?-c?)=0

29. () Given, |7’ +272 +42-8=0 -.()
-3 -2
|z| +2z +4z-8=0
A2 -P)saz-2) =0
= 2(z=2)|z+z-2] =0
iz=7 (Not possible) or Z4z=2
z=1+bi(b#0) = z=1-bi

(14622 £ 21— b2 + 2bi)+ 4(1 = bi)—§ = 0 [from (D]

(+62)% Z2(142) 0
:>(1+b2)(m—2):0

o 14b2 0= 1462 —2= 0= b2 =3

®) |2*=1+b>=1+3=4

Q) |z—2* =l1+ib—1+ib* = 4b* =12

®) |+l =4+li+ib+1—ibf =4+4=38
S) lz+1P =[1+1+ib =4+b% =4+3=7.

2kn . . 2km
30. (o) (P)—>(1):Zk=COSW‘HSlnw,k:1to9

2kn
Lz =e 10

2km
Nowzk.zj:1:> zj=—=e¢e 10 =Zy

Zk
We know if z; is 10t root of unity so will be zj.

For every z;, there exist z, = -7

Such that z; z; =z zk =1

S =—=a (say) ....(ii)
C

[Conjugate both sides]

31.

32.
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Hence the statement is true.

z
Q->Q) z =z, = 2=k for 7120
2

". We can always find a solution of z;.z =z,
Hence the statement is false.

R) > (3): Weknow 2! —1=(z-1)(z-2)...(2~2)

= (Z—Zl)(z—z2) ..... (z—zg): z

=l+z+22+..2°

S)—> @) :1,2,,2,, .., Zy are 10th roots of unity.
2 Z0%-1=0

From equation 1 + Z, + Z, + ... + Z, = 0,

Re (1) +Re (Z)) + Re (Z,) +.... + Re(Zy) = 0

= Re(Z)) +Re(Z,) ... Re(Zy) = - 1

9 9
2 2
N Zcosﬂ=—l - 1= Zcosﬂ=2
= 10 = 10
Hence (c) is the correct option.
For (Qs. 31-32)
Sy X2 +y2<16
s, - T D +V3) |
1-iv/3

= BE-D+(y+v3)>0 = y+/3x>0
S;:x>0
Then S : S;"S,MS; is as shown in the figure given below.

y+ X\/E =0
M
(b) Area of shaded region
2 o
_T 42 Tx4Tx00° o 8n_ 20m
4 360° 3 3

(¢) min |1 -3i- Z| = min distance between z and (1, —3)
zes

Clearly (from figure) minimum distance between zeS and (1,-3)

from line y+x\/§:() ie. V3-3 :ﬁ
N3+1 2

For (Qs. 33 - 35)
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33.

34.

3s.

36.

Given: A= {z:Im(z) > 1}={(x,»):y >1}

Clearly A4 is the set of all points lying on or above the line
y=11in cartesian plane.

B={z:]z=2-i|=3} = {(x,1): k=2 + (=12 =9}

= B is the set of all points lying on the boundary of the circle
with centre (2, 1) and radius 3.

C={z:Re[(1-i)z]= 2} ={(x,»):x+y= 2}

= Cis the set of all points lying on the straight line represented
byx+y= \/E .

Graphically, the three sets are represented as shown below :

<

(b) From graph 4 N B N C consists of only one point P [the
common point of the region y> 1, (x —2)> + (y = 1)’ =9 and x +

y=21 ~-nAnBnC)=1

(¢) Since, z is a point of 4 M BN C = z represents the point P
Lt 1—iP+|z-5-i]

= 2= 1+ DR+ - (5 + )P

= PQ? + PR% = QR? = 62 = 36, which lies between 35 and 39

.. (c) is correct option.

(d) Given:|jw—-2-1i<3

= Distance between w and 2 + i i.e. S is smaller than 3.

= w is a point lying inside the circle with centre S and radius 3.

= Distance between z (i.e. the {)oint P) and w should be smaller
than 6 (the diameter of the circle)

ie.|[z—w <6
But we know that ||Z\—|W||<|Z—W|

= |lz]-|w|<6 =-6<|z|-|W|<6
-3<|z|-|w|+3<9
Given : | z/| <I<| z,|

1- 2132

Then <1is true

17— 2
if | 1-z,2y [<|z—z,|is true

orif |1-z,Zy < |z~ z,[* is true

orif (1-2%)(1-2%) < (5 —2,) (5 —2;) is true
orif (1-225) (1-212p) < (21— 22) (2] —25) is true
orif 1 =212y =212y + 212 2525 <2121 — 2123

—Z12p + 2525 s true

o if 14| 2 | 23 </ 21  +| 25 [Pis true

37.

38.

39.

or,if (1—|z,)(1-|z,*)<0is true.
which is obviously true
as|z)<1<|z] = [z <1<|z,P

= \1—\z1\2>0and (1—\z2\2)<0
Given:z, =10+ 6i and z,=4 + 6i

Also arg(z_zlj .
) 4

= arg (z-z)-arg(z—z,) :%
= arg (x+iy)—(10+6i)) —arg((x +iy) — (4 + 6i)) =%

— arg [(x=10)+i(y—6)]—arg[(x— 4) +i(y — 6)] =%

= tanfl(y—%j—tanfl(y_ﬂ _I
x—10 x—4 4

(y=6 y-6 )
= fan | X=10 x-4 |_T
(r-6)° 4
(x—4)(x-10)
L G90-9-C-104-6
(x—4) (x-10)+(y—06) 4
= @-4-x+10)1—6)=(x—4) (x—10)+ (y—6)
= 6y-36=x2+)2—14x— 12y +40 + 36
— 2+)2—14x—18y+112=0
= (- 14x +49)+ (*— 18y + 81) =18
= (-2 +(-9% =(32)?
= |(x+iy)-(7+9) =32
= |z-(7+9)| =32
Let A=z=x+1y, B=iz=— y+ix,
C=z+iz=@x—-y)+ti(x+y)
| x y 1
Now, area of AABC=E -y X 1
x-y x+y 1
On applying, R,-R,,R,—R,, we get
) x y 1
A=E -y—-x x-=y 0
-y x 0
=l|—xy—x2+xy—y2| =l|—x2—y2|
2 2
| N S S
= — + _ —
Sy e
(1+i)x—2i+(2—3i)y+i_l,
3+i 3-i

= (4+2i)x—6i—2+(9—Ti)y+3i—1=10i
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Complex Numbers and Quadratic Equations

— (@x+9y-3)+Q2x—Ty—3)i=10i
— 4x+9y-3=0and2x—7y—3=10
On solving these two equations, we getx =3, y=—1
a+ib
c+id

40. Given: X+iy=

a+ib

= (x+iy)’= ()

c+id
Taking conjugate on both sides, we get
.2 a-—ib
(x—iy)” = id
On multiply (i) and (ii), we get
2)2 _ a2 +b2
2 +d?

(x*+y
1
1—cos ©+2isin O
1 1
= 2sin20/2+4isin0/2 cos 0/2  2sin6/2

41.

...(iD)

{ sinB/2—2i cos 6/2

(sin©/2+2i cos 6/2) (sin 6/2—2i cos 0/2)

1 sin®/2—2i cos 6/2
~ 2sin6/2 | (sin® 0/2+4 cos® 0/2

1 2sin©/2—4i cos 6/2
2sin0/2 | 1—cosO0+4+4 cos 6

2 2sin©/2—2i cos 6/2
= 2sin 6/2 5+3 cos 0

[ 1 j+[—2cote/2ji
“ 5+3cosH 5+3 cos O

which is of the form x + iy.

Topic-2: Rotational Theorem, Square Root of a
Complex Number, Cube Roots of Unity, Geometry of
Complex Numbers, De-moiver’s Theorem, Powers

|::j of Complex Numbers

—

(©)

Al )

z(A)
6,

Since, |z, | =]z, |= .| 7,4 | = 1

0, =arc (z, z,)
|z, — z, | = length of line AB < length of arc AB
|z, — z, | = length of line BC < length of arc BC

Sum of length of these 10 lines < Sum of length of arcs (i.e.
2m)

[0, +0,+0,+..+0,,=2n]

Pilzy,—z | +]zy—z, |+ .. +]|z,—z, < 2n
P is true.
Now,\zg—zﬂ:\zz—zl\|zz+zl\
We know that
lzy+z | Sz, +]|z | =2

2 2 2 2 2

|zy—z, P+ lzs— 2 |+ + |2 —z5| €
2{lzy—z) |+ ]z3—z) |+ .. H]z,—z1} S2Q2m)= Q< 4n
Q is also true.

d) S:z-2+i = \/g represents boundary and outer region of
circle with centre (2, —1) and radius \E units.

7, € S, such that is the maximum.

| zo =1
=+ |zg —1] is minimum
z, € S with |z, — 1| as minimum will be a point on boundary of

circle of region S which lies on radius of this circle, which passes

through (1, 0).

=+ 2, 1, 2 — i are collinear, or (xy, y,), (1, 0), (2, 1) are collinear.

Using slopes of paralled lines,x'

y_() = __1 4

% I — T "o

NOW, 4—2_0 —EO _ 4—(20 +Eo)
20—z, +2i (zg —2g) +2i

Z,

. [0} (1,

_ 4-2x, _ 4-2xy < [ \:(2’71)

2iyg +2i 20— 2xpi+2i

20-%) _1__
T 22-x0)i i

( xo)l4 P y

Arg| T2 = gy =T
Zg — 2o — 2I 2

(¢) Since, a lies on the circle (x — x,)* + (v — y,)* = 1
ot —zo\z =2

= (a—zp)(@—2zy) =7

= ool — 0z — 0z + 2pZy =12

= |(1|2+|Zo|2—(XEO—aZO =2 (1)

1
Also - lies on the circle (x — x))* + (v — y,)* = 4r*



2
1 1 1
— — 2 *4}’2 = (_—Zo)(——zo):4r2
(04 (04 (04
1 zy z
= —_——0——+Z0?0—4V
ool (04
1 Zo0  Zpo
= 3 02— 02+|ZO|2=4I"2
lal” fo” |af

= I+|al|z P ~za-Zgo =42 |l
On subtracting equation (i) from (ii), we get
2 2 2 2 2
I-lal" +|z " (a[" =D =r"(4|a" =D
2 2 2 2
or (lal” =Dz " =D=r"(4|al” 1)
2

Using | 2z |2= , we get

2
RN 2
(lo] —1)7=F (4laf” =1)

= |0L|2—1=8|oc|2—2:>|oc|=L
\/7

d - Im@ %0

— zisnon real

and equation zz +z+(]—g) =0

will have non real roots, if D < 0

3
= 1-4(1-a)<0 = 4a<3 :>a<Z

3
a can not take the valuez.
(a) Given :z=x+ iy, where x and y are integer
Also, 723 +72° =350 = |z (22 +2%) =350
= () -y =175
= ()c2 +y2)(x2 —y2)=25><7 ()
or (242 (2-)y)=35x%x5 ...(if)

x and y are integers,

. x2+y2=25 and xz_y2=7

= x*=16 and y2=9

= x=x4 and y=13
Vertices of rectangle are
4,3),4,-3),(-4,-3),(-4,3).
Area of rectangle = 8 x 6 = 48 sq. units

Now from eq. (ii),
x2+y2:35 andxz—yZ:S

= x? =20, which is not possible for any integral value of x

@ z=cos0+isin0

= 22" = (cosO+isin0)>"!

=cos(2m—-1)0+isin(2m—1)0

[From eq (i)]

(i)

10.

By De Moivre's theorem :
(cos0+isin0)" = cosnb +isin nd

Im(z>" ") = sin(2m -1)0

15 15
Z Im(z>" 1) = Z sin(2m —1)0

m=1 m=1

=sin 0 +sin30 +sin 50 +......+ upto 15 terms

sin {15(226)}.sin[9 +14x0]

sin@
-+ sino+sin(a+ f) + sin(a + 2p) +....n terms
_sin(nB/2).sinfo+(n-1)B/2]

sin(B/2)
_ sin150.sin150  sin30°.sin 30° _ 1
sin© sin 2° 4sin2°

(d) The initial position of point is Z; = 1+ 2i
S Zy=(1+5)+@Q2+3)i=6+5i

Now Z, is moved through a distance of \/E units in the direction
i+ Gebyl+i)
. Itbecomes Z}'=Z;+ (1+i) =7+ 6i

T
Now OZ;'is rotated through an angle 5 in anticlockwise

direction, therefore Z, =iZ;'=—-6+7i
(d) Given:|z|=1landz # *1

To find the locus of ® = z 5
-z
N ] z
ow, — =
1-22  zZ-2?
[olzl=1=|zP=2z =1]

1 . .

= —— = purely imaginary number
z—z

. ® must lie on y-axis.

@ OP=04+AP

r s

= OP=04+0B e
o . B A
= OP=3¢" 4 +4ez('rc/2+7'c/4) 2,
»%. |l 324
K /4 >

_ 3eiTt/4 i 4ei'rt/2.ei1't/4

o

=3¢™4 4 4™/ 4 = em/4(3 +4i).
(b) Given that a, b, c are integers not all equal and o is cube

root of unity = 1, then |a+l7(;)+co)2 |

:‘““Lb(_l;iﬁj“(_l_;ﬁj‘
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_‘(2a—b—c)+i(b\/§—c«/§j‘
2 2

- %\/(261 _b—c) +3(b—c)?

1
= \/5[(a—b)2 +(h-c)* +(c—a)*]
R.H.S. will be minimum when a = b = ¢, but according to the
question, we cannot take a = b = c.

.. The minimum value is obtained when any two are zero and
third is a minimum magnitude integer i.e. 1.

. b=c¢=0,a=1; gives us the minimum value 1.

11. (a) In the figure, we see that. 16.

AB=AC=4D=2

.. BCD is an arc of a circle with centre at 4 and radius 2. Shaded
region is exterior part of this sector ABCDA.

.. For any point represented by z on arc BCD we should have
z—(1)]=2
and for shaded region, |z + 1|>2 (1)

For shaded region, we also have

—n/4<arg(z+1)<n/4

or |arg(z +1)|<m/4
From (i) and (ii), we get (a) is the correct option.

12. () (I+0))" =1+

...(i)

=(-0)" =(1+0)" = (~0?)" > 0" =1=n=3

17.
-1
13. (a) Giventhat\z|:1and0):Z (z#-1)
z+1
Now we know that ZE:|Z|2 18.
= zz=1 (for [z|=1)
_(z—le(E+1)_ZE+z—E—1_ 2iy
z+1) (z+1) zz+z+z+1 2+42x
[ zZ =1 and taking z = x+i y sothat
+z=2xand z-z =2i
z+z=2xand z—-Zz =2iy] 1o,

= Re(w)=0

14. (b) Applying R, = R, + R,+ R,, we get
1 1 0 3 0 0
1 -l1-0 o’|=[1

1 (o2 o4l |1 ) o4

=3[~0-1-0] =30’ - )

Zl —Z3 _ l—l\/g
Zy) —Z3 2

Zl —Z3 (1_1\/3]
= arg = arg
Zy) —Z3 2

15. (o)

A87
= arg (cos(—n/3)+isin(-n/3))
=> angle between (z, - z;) and (z,~z,) is 60°.
|Zl —Z3 =|1—l\/§|
and |Z2 . | b |
21—z
=125 -zHz 2] (mpStp)
272

= The A with vertices z, 2, and A is isosceles with vertical
angle 60°. Hence rest of the two angles should also be 60° each.
= Required triangle is an equilateral triangle.

@ Let z=OY" = (cos2km+isin2km)""

z :cosﬁﬂ'sin@,k =0, 1,2,.....,n—1.
n n

2k1TE) .. (2k1ﬂ)
+i1smn| ——
n n

2k 2
2T[)+i sin kpm
n n

be the two values of z. Such that they subtend right angle at
origin.

Let 1= COS(

and Zy = COS(

2k 2kym I
L T o S Ak —ky) = 2n
n n 2
As k, and k, are integers and k| # k,
n=4k kel

(c) E=4+5(0))334+3((»)365=4+5co+3co2
—14+20+3(1+0+0%) =1+ (-1+i/3) = i3
() (1+0) =4+Bo
= (-0?) =4+Bo (v l+o+e” =0)
= —0'*=4+Bo

= -—0’=A+Bo & 033=1)

= l+o=4+Bo = A4=1,B=1

(b) LetABCbethe A whose vertices are represented by complex
numbers a, b, ¢ and POR be the A with whose vertices are
represented by complex numbers u, v, w.
Thenc=(1-r)a+rb

A(a) P(u)
B(b) Co oW R(w)
c—a
= c-a=rb-a) = b_a:” (i)
w—u
= w={1-Nutrn = V_u:” ...(i)
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. S and (i ‘c—a _ w—u‘

rom (i) and (ii), h—a o —u
(c—a] (w—uj

and arg | —— |=arg
b-a v—u

= A—C:EandLCABzéRPQ

AB PQ

— AABC ~ APOR

20. (b) [Ifvertices ofa parallelogram are z,, z,, ,, z, then as diagonals

bisect each other
Zl + Z3 22 + Z4
2 2

= zl+ Z3= Zz+ z,

1—i
lZ:1

21.

~
(=3
N’

lo|=1 = .
z—1

N—iz|=|z—1i]
[1—i(x+i)|=|x+iy—1i]

|+ ) —ix|=|x+i@y-1)]
PP+ (- 1)

4y=0 = y=0 = zlies on real axis
|z—4|< |z-2]

=4 +iy|<|(x-2)+iy|
@42 P < (- 4y
—8x+16<-4x+4 = 4x-12>0
x >3 = Re(z)>3

Ly eyl

22.

—~
(=)
N’

uUu Uy

23.

A
|g‘ =
[9%) N’
—_ +
L
[o%)
N
1]
[\

2

N

z=(- io))5 + (z'o)z)5 =~ +io

—i(w-02)=i(i\3) =3
= Re(z) <0 and Im(z) =0
z—5i
z+5i

24. (a) Since, z=x + iy satisfies the equation =1

o x+iy=5i|=|x+iy+5i]
[x+(@-=5)i|l=|x+@+5)i|
(-5 = (v + 5

AP —10p+25=x2+3>+ 10y + 25

Uy il

20y=0 = y=0

‘a’ is the correct alternative.
x-1>+8=0

(-1 =-8=(2F

25.

G

x—1=-2 or 2 or— 2>

= x=-11-20, 1-20°

26.

27.

28.

@8) Letz=x+1iy

2 — 2* = 4iz?

=7 - (23)2:4122 = 22(22—52): 4iz?
=z=0o0rz2— (5)2:41‘ 1,0

=4ixy=4i =>xy=1 /

X
(0]
Locus of z is a rectangular
(71571)
hyperbola xy = 1
Given that Re(z)) > 0 and Re(z,) < 0 '

Nz =25 I =NA+D? + 1+ 1% =48

2
=21 -2 [nin=8
(3) a, b, c are distinct non-zero integers
Min. value of |a + bo + cw?? is to be found |a + bo + co

a+b[—1+2i«5j+c[—1—2iﬁj2

2

2‘2

i3

—(b-c)
2

—‘l(Za—b—c)+
2
1 2.3 2
=—2a-b-c) +—(b-
4(61 c) 4( <)

1
= Z(4a2 +b%+ ¢ —dab + 2bc — 4ac + 3b% + 3¢* - 6bc)

=a?+b*+c*—ab-bc—ca

- %[(a—b)z + (=) +(c—a)]
For minimum value, let us consider ¢ =3, b=2, c=1
1
minimum value = E[l +1+4]= 5" 3
rth term of the given series
= r[(r+D)-o](r+1)-n?]
=r[(r+)? —(@+0>)(r+D)+o’]
= r[(r+D)? = (=D +1)+1]
= r[(r2 +3r+3]=r3 +3r% +3r

(n-D)
Sum of the given series = z (> +3r2 +3r)

r=1

(n—1)%n? +3%(n—1) (n) 2n—1) +3.%(n—l)n

N

(n-1) (n){%(n—l)n+% (2n—1)+%}
=%(n—l) n[nz—n+4n—2+6]

=%(n—l)n[n2 +3n+4]
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29.

30.

31.

A89

Let z,,z,z, be the vertices 4, B and C respectively of equilateral
AABC, inscribed in a circle | z | = 2 with centre
(0, 0) and rasius =2

Given 7 =1+i3
2mi
22 =e 3 Zl
=(c0s2Tn+isinzTn)(l+i\/5 B C
(22) (z3)
—1=3 .
— T:_z and Z3=e4(Tt/3)lZl

4 4
= (cos?n+ isin?nj (1+ i\/37)

:[—‘1_2“/5) (1+i\3) =—_1_2;‘6+3 —1-i3

As D and m are represented by complex numbers (1 +7) and (2
— i) respectively

D = (1,1)and M= (2, - 1)

We 1know that diagonals of rhombus bisect each other at right
angles.

AC passes through M and is L to BD
Eq. of AC in symmetric form can be written as

x—=2 y+l

= =7
INCEIRYNS

Now for pt. A, as

1 1
AM =2 DM =5\/(2—1)2+(—1—1)2 ~\5/2
On putting r:i\/g/Z,We get
x=2 y+l1 1
= =2V5/2 L x= 142, y=2—-1
25 145 S 7
=3 1 —__1 or __3
= x= or LYy > >

Therefore, point A4 is represented by 3 — i/2 or 1- (3/2)i
Distance between two points represented by z, and z,

=la-z|
Since zy =a+i, zp =1+bi and z, = 0 form an equilateral

triangle, therefore |Zl - Z3| = |22 - z3| = |Zl — 22|

= |a+i|=|1+bi|=|(a-1)+i(1-b)]

= A+1=1+b=(a-1)* +(1-b)?

= a=b=a2+b*-2a-2b+1

= a=b (i)

(e a #—bbecause 0<a,b<1)
and b*—2a-2b+1=0

= a’-2a-2b+1=0 ....(ii)
= a*-2a-2a+1=0 (‘ra=b)

= d’—4a+1=0

a_4i2«/§
)

a:2—\/§

=2+3 . But 0<a,b<1

L h=2-43

‘wb=a

32.

33.

34.

35.

36.

37.

laz; —bzy |* +| bz + az,
= a? |z P +b% |z, P —2ab Re(zyz,) +b* | 7
2 2 .
+a” |z, |” + 2ab Re (zz,)

=(@+0*) (7 P+ 12,17

“1+i3 -1-43

2 2
)

" A is equilateral.

(True) -- Cube roots of unity are 1,

Vertices of triangle are

A(l,O),B(%,?} ,

= AB=BC=CA,

Zl + Z3
2

=z, is mid pt. of line joining z, and z;.

(False) If z,, z,, z, are in A.P. then, =z,

= z,,2,, 7, lie on ast. line
Given statement is false
(True)
As|z|= 5=z
z,, z,, z; are equidistant from origin. Hence O is the
circumcentre of A4BC.
But A4BC is equilateral and hence circumcentre and centriod of
A ABCcoincide.

A(Z1)
Centriod of AABC =0
Z1+2y+ 2
|+
3 ,
= 71tz +z3=0 o
Statement is true. B(zy) C(zy)
d) z= — =X +1
@, ¢, d) a+ibt Y
X +iy a—ibt X a y= —bt
= = L X= L y=
a’ +b2t2 a? +b2t2 a’ +b2t2
1 X X
=Xy == s Xy =0
a“+b“t a a
1 1
~. Locus of z is a circle with centre | =—>0 | and radius ——
2 Zn

irrespective of ‘a’ +ve or —ve

Also forb=0,a# 0, we get, y=0
locus is x-axis

andfora=0,b=0wegetx=0
locus is y-axis.

Hence, a, ¢, d are the correct options.

3+i

T .. T
(¢, d) We have w= =COoS— +isin—
6 6

n nTo .. AT

= W =c0S— +isin—

6 6

.. P contains all those points which lie on unit circle and have
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T 2TE 3TE Let®=cos®+isin® thenz=2cos0 = Imz=0
arguments — 6 6 6 and so on.
1 1 Also |2|<3 and |Im(z)[< L, |R,(2)|<2
Rez<-— Rez>—
2 Ay L2 40. (A)- (@), B)—> (P
. . Given:z#0 Letz=a+ib
' ' Re(2)=0=z=ib= 22 =—b?
' ' sodm (2)2=0
. (A) corresponds to (q)
Zre Pz
: P b
/6. /6 ArgZ=Z =S a=b=>z=a+tia
X'¢ : > X 2

6 6 =22=a>—a?+2ia® = 22 =2ia* => Re (z)*=0
n/6; /0 T . (B) corresponds to (p).
ZyNe i 41. The given circle is | z —l| = \/5 , where z,=1 is the centre and

: : \/E is radius of circle. z; is one of the vertex of square inscribed
: : in the given circle.

y' ' % Z2+i\f§
Since, z;€ P " H, and z, € P n H,, therefore z; and z, can have '
poss1b1e positions as shown in thé figure. Z
2n  Sm
.. £2,0z, can be—or—. pe x
3 6
38. (d) Wehave (I+0-0°) = (-0’ —0?) Z,
= (-2) (%) =-1280" =—128w? 'Zs‘
y
39. A)—>(@r,B->/E,C—>@st),D>(@Q,rs,t) Clearly z, can be obtained by rotating z, by an angle 90° i

anticlockwise direction, about centre z

(A)—(q, 1)

Thus, z,— z,= (z,— 2,) ¢ jn/2
|z—i|z||= |z+i|z||

or z2—1=(2+z\6—1)i = 2 =i-B+1

B - (=, 3j8

Again rotating z, by 90° about z,, we get

= z is equidistant from two points(0,|z |) and

(0, —|Z|), which lie on imaginary axis.

"z must lie on real axis= Im(z) = 0. Also |Im (Z)| <1 I
(B)—>p = z-1=[(1-B)+i-1]i=—Bi-1
Sum of distances of z from two points (—4, 0) and [
(4, 0) is 10 which is greater than 8. = 2= i3

.. Z traces an ellipse with 2a = 10 and 2ae =8 And similarly 1= (- ,-ﬁ ~)i= \/5 —i
oo = zy=(3+1) -

5 0 i .
ence, remaining vertices are
C)—> (s, t o )
©= @50 (=\B3) +i— i3, (B+D) -

Let ®=2(cosO+isin0), then
42. Given: |Z—%

=k = [z-al=k|z-B|

1 . 1 . _
z=w0——=2(cos0+isinB)——(cosO—isin O) z
() 2
5 - 1
= x+iy =—cos9+z—sm9 A B(B)
’ (@) E
9+125
Here, Z| <3 and | R,(z)| <2
4x 4 “\\ ""/'
Also x = —cos 0,y= —sm 06 > —+— Y =1
2 2 9 25
9 4 Let pt. A represents complex number o and B that of 3, and P
Which is an ellipse with € = 1—2—5 = g represents z. then [z— o | =k|z— P |
= z is the complex number whose distance from 4 is k times
D)= (g s, 1) its distance from B.

ie. PA=k PB
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= P divides AB in the ratio & : 1 internally or externally (at P’).

Then P :(kﬁ+otj and P':(kﬁ__aj

k+1 k-1
Now through PP’ a number of circles can pass, but with given
data we can find radius and centre of that circle for which PP’ is
diameter.

(kPp+a
:L k+1

B—a)
k-1
2

+

Centre = mid. point of PP’

kBrko—kB—o+ k2B —ko+ kB —o

2k% -1)
2 2
:k2[3 a_a kZB.Alsoradius :1|PP’|
k° -1 -k 2
_l‘kﬁﬂx kB-a
2| k+1 k-1
1 [B+ka—kB—o—k*B+ka—kB+a| _kla—p]
=5 - 2
2| k-1 |-k
n
Let us consider, Za,zr =1 where | a, |<2
r=l1
= alz+a222+a3z3+...+anz”:1
= \alz+a222+a3z3+...+anz”\:1 ...(i)
But we know that | z; + 2z, |<|z] |+] 23 |
Using its generalised form, we get
\alz+a222+a3z3+...+anz”
S|alz|+\azzz|+...+\anz”|
= 13lalHZ\ﬂaz\|22\+|a3\|23\+~~~+\an\\;”! .
[using eq" (1)]
But given that | g, [<2Vr=1,...,n
1<2[]z|+]z f+|zf +.. 4]z "]
[-2 & [FIEl ]
n i n+l
P BEANGEIE D) P T4 bl E1 S
1-|z | 1-|z ]|
= 2[lz|=[zI""] >1-]z] (- 1-[z|>0as|z]<1/3)
11
= z|-|z[" > =—=]z
[zl=1z1> 2 =71zl
3 1
= Z|z|>=+|z/"!
2 2
1 2 1
= Jzl>—+Z |2 = lz]>2
3 3 3

1
which is a contradiction as given that |z] < g

There exist no such complex number.
The given equation can be written as
zP-1)(z?-1)=0
z=()  or (1)l ()
where p and q are distinct prime numbers.
Hence both the equations will have distinct roots and as

z # 1, both will not be simultaneously zero for any value of z
given by equations in (i)

—oP
120 0@

2

Also 1+a+a +otal =

45.

46.

47.

_ a4
24 +a? :11—0‘:0(a¢1)

or l+a+a
Because of (i) either o” = 1 and if a? = 1 but not both
simultaneously as p and ¢ are distinct primes.
zPo-|ofz=z-0 .. @)
ZZO—O0Z =Z—®
=> zo(Z-0)=z-o.
Taking modulus, |z~m||E — 0_)| =z—-®

o]z - =z w

= |z—0)|(|zco|—l) =0

If|Z—0)|=0 then z—w=0 .. z=o.
If|Z(,0|—1=0 then zw=1 . | =L=r (say)
o
Let z:reie,mzleiq’
r

: _ o
From (i) 7 [leld’j —Lz(re'e) =rel? —— ¢l
r p r

[H%ﬂng}w
r r

ei¢=ei629=(|)

! ion[ 1 —;
0= (re’e)(—e ’ej =1
r
2+pz+qg=0
it z,=—p, 21Z,=q
By rotation through o in anticlockwise direction,
z,=z, e
o

z=® or zm=1

V) e

_cosa+isina
Zl 1 1
Add 1 in both sides to get z; +z, = —p

LAtz l+cosoti sinol _ 2cos%{cos%+isin%}

1 1
Zh+Z o ;
- ( 2 1) zzcos_em/z
Zl 2

On squaring, (z, +z;)° = 4cos?(a/2)z2 *

. = _ .2
Letz=x+iythen Z =iz

= x-iy=i(?—y*+2ixy)

= x—iy=i(x*—)*)—2xy

= x(1+2))=0;x>-)*+y=0

= x=00ry:—5 = x=0,y=0, 1
1 3

or y=-—,x=t—

2 2
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48.

49.

50.

51.

For non zero complex number z,

x=0,y=Lx=—,y=——;x=——, y=—=
4 2772 2 7T
V3 B
Z:l:___:____
2 2 2 2

Let z= r/(cos 0,+ i sin 0,) and w = r,(cos 0, + i sin 0,)
We have, |z| = r, [w| = r,, arg (z) = 0, and arg (w) = 0,
Given, |z < 1, w| < 1

= r<landr,<1
Now, z—w = (r, cos 8~ r, cos 0,) + i (r;sin 0, — r, sin 0,)
= |z—wP=(r, cos B,—r, cos 0,)* + (r,sin 6, — r, sin 6,)

2
1

_ 2 20020
rycos” O+ r5 cos” 0, — 2r,r, cos 0, cos 0,
2 i 2 oin2 : :
+r{ sin® 0+ r; sin® 0, — 2rr, sin O, sin 0,
_ .2 2 2 2 2 )
ri (cos” O+ sin” 0,) + 7, (cos” 0, + sin> 0,)
—2r,r, (cos 0, cos 0, + sin 0, sin 0, )
=r24+r2_2rr cos (0, -6,
171 1" 17 %

=(r - 2)2 + 211, [1 —cos (6, — 0,)]

- (4 —r2)2 + 447, sin’ (_91 ;92)

2
sin[el —ezj
2

and [sin 6] <10,V 8 € R

<ln—nf*+4 [ rar<1]

91—922

Therefore, |z — w* < Iy — ”2\2 +4

< |r1 - rz[2 A )91 - 92\2

= z—wP <(|z|- |w])*+ (arg z — arg w)?

|
Dividing through out by i and knowing that — = —, we get
i

Poi+iz+1=0
= Zz-)+i(z-i)=0 as l=—7

= (@-)E@+)=0..z=i or Z2=—i

s Jzl=lil=1or| 2] =zP =|-i|=1 = |z|=1
Hence, in either case |z | =1

1, ay, ay, ..., a, | are the n roots of unity. Therefore they are

roots of eq. x" — 1 =0

Therefore by factor theorem,
¥-1l=x-D)@Ex-a)x—-ay..(x-a, ;) (1)

’ ...(il)

ol 711 =(x-a)(x—ay)..(x—a,_y)

=

On differentiating both sides of eq. (i), we get

nx”’lz(x—al) x—ay)..(x—a, D+tx-1D(x-ay)
wlx—a, Jr.Ax-1x-a).x-a,_,)
Forx=1,wegetn=(1-a) (I-ay) ...(1 -a, )

[Since the terms except first, contain (x — 1) and hence become
zero for x = 1]

We know that if z
then

1» Zp» 73 are vertices of an equilateral triangle,

52.

53.

Zl
2174 BT E
32 - |
Here z; = 0,
2172 T4
) R A YA

= —212—z§+2zl Zy = 712, 212"'222_21 zy =0.

y
0,a\3)

60°
A(-a,0) O

B(a,0)

N
]

y

Let us consider the equilateral triangle with each side of length
2a and having two of its vertices A(—a,0) and
B (a, 0) on x-axis, then third vertex C will clearly lie on

y-axis such that OC =24 sin 60°=av/3, . C = (0,a+/3).
Now if 4, B and C are represented by complex number z,, z,, z,
then zy=-a ; zp =a; 23:ax/§i
Since in an equilateral triangle, centriod and circumcentre coincide,
Z + zy + z3

3

—ata+aN3i ia

3 V3

Now, 212+z% +Z32 = a?

. Circumcentre, zy =

= il

+a2 —3a2 =—a2

and 323 = (ia)2 =—d?
. Clearly 323 = 212 +222 +z32

Since, B and y are the complex cube roots of unity therefore, we

can suppose B = m and y = ®” so that ® + 0>+ 1= 0 and > =1.
Then xyz = (a + b) (a*+ bo) (aw + bo?)

=(a+b) (@*®® + abo* + abw® + b2m3)

=(a+b) (@*+ abw + abw?®+ bz) (using W= 1)

=(a+b)(a*+ ab(o + ®*) + b?)
=(a+b)(@®>—ab+b*)=d>+ b

Topic-3: Solutions of Quadratic Equations, Sum
and Product of Roots, Nature of Roots, Relation

ETJ Between Roots and Co-efficients, Formation

E

of an Equation with Given Roots

(d) Consider the quadratic polynomials in the form of equation
x2+20x-2020=0 ()
x2—20x+2020=0 ...(ii)
Since, a and b are roots of the equation(i), then
a+b=-20,ab=-2020
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-+ ¢ and d are the roots of the equation (ii), then
c+d=20,cd=2020

Now,
ac(a—c)+tad(@—d)y+bc(b-c)+bdd-d)
=d?c — ac® + a*d — ad?® + b%c — bc? + b*d — bd*?

=a¥(c+d)+b¥c+d)—c*(a+b)—d?*(a+b)
=(ct+d) (@ +b>)—(a+b)(E+d?

=(c+d) ((a+ b)?*—2ab)—(a+b) ((c + d)?—2cd)
=20 [(20)% + 4040] + 20 [(20)? — 4040]

=20 x 800 = 16000

(©) x2—2xsecO+1=0=x=secO=tan 0
andx2+2xtanO—1=0= x =—tan 6 + sec O

LAY .2
6 12

o1 o1
= sec— >secO >sec—
6 12

tan 1t
12

b
and —tan€< tan 0 < —

Also t T <—tanO <t &
so tan— —tan an —
12 6

Since, .}, are roots of x2—2xsecO+1=0

and o> B,

.o =sec O —tan 0 and B; = sec O + tan O

Since, a.,, B, are roots of x2+2xtan0-1=0

and o, > B,

. oy =—tan 0 + sec 0, B, = —tan O — sec O

S0y + B, =secO—tan 0 —tan O — sec O = — 2tan O

(d) Quadratic equation with real coefficients and purely
imaginary roots can be considered as

p(x)=x>+a=0wherea>0and ac R
The p[p(x)]=0= (% +a)?+a=0
=xt+2ax2 + (@®+a)=0

2 —2a+\4a* —4a* —4a

2

= x2=—aix/;i

= x=+y—-at+ai=oxtip,where o,B#0

. plp(x)] = 0, has complex roots which are neither purely real
nor purely imaginary.

(¢) Consjder —3(x — £x1)2 +2x—[x)+da2=0

= 3{x}2-2{x} a*=0 o x—[x]={x})

= 3[{x}2 —%{x}j = a2,a #0

2
2 st 1
> a —3[{x} 3) 3

—1 12 1) 4
—s{xp-—-<-;0<3 — <=z
R [{X}s»j 3

1 < 3[{x}%j—% <1

= X

(- 0<{x}<1)

3

For non-integral solution 0 < a2 < 1
=ac(-1,00u(0,1)

(¢) o, P are the roots of x> — 6x —2 =0
La?-60-2=0

= al®—60°- 208 =0

= al? - 208 = 6a’ ()
Similarly B0 - 28 = 6B° ...(ii)
On subtracting (ii) from (i),

al0 B0 2 (o8 B8 =6 (- B9

Cllo —2618 _ 3
= a,—2a3=6a, = 2a9

(©) Given : 2x)™2 = (3y)'™

= (n2. n2x = (n3. (n3y

= (n2. (n2x = (n3. (/n3 + (ny) ..()
Also given : 3/ = 2/ny

Unx.fn3 -
in2 ..(11)

= /nx. /n3 = (ny. /n2 = /ny =

From equation (i) and (ii), we get

znx.zns}

/n2

m2. fn2x = fn3 {&13 +

= (/n2)? n2x = (/n3)? /2 + (¢n3)? (nx

= (/n2)* fn2x = (fn3)%(n2 + Inx)

= (n2)* /n2x — (n3)* /n2x=0

= [(/n2)? - (/m3)%] fm2x=0 = /m2x=0
1

=>2x=1 = x= <

() Given :a+f = —panda3 +[33 =q

= (a+P)’ -30p(a+P)=¢q

3
3 +
= P 3Bp)=g = ap-L 14
3p
Now for required quadratic equation,

2 a2
a B a +P
= 4=
Sum of roots B a op
pz—z(if’%q\
_ (a+PB)* —20B L 3p ) P -2q
op p’+q P +q
3p
o p
and Product of roots= —.— =1
B a
(3 —2¢)
Required equation is X —Lp3—+q)x+1=0
p tq

= (P (P’ -29)x+(p’+9)=0
(d) Since o and B are the roots of x2— px+r=0

. a+B=p
and aff =r ...(ii)

A93

(i)
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10.

11.

12.

o
Also > and 2B are the roots of x> —gx+r=10

%+2B:q = o+4B=2g (i)
Solving (i) and (iii) for o and B ,we get
1 2
=_ Z (29 -
p 3 3 (29-9)

On substituting the values of a and f3, in equation (ii),

(29-p) and =

2
we get 5(217_9)(29_17) =r.

(a) - a, b, caresides ofatriangleand a #b # ¢

|a—b|<|c|:>a2 +b% —2ab<c? (i)
Similarly,

B2ac2_obe<a? i); 2 +at—2ca<b® ..

On adding, (i), (ii) and (iii) we get
> +b*+c% < 2(ab+bc+ca)

a’ +b?+c?

ab+bc+ ca
Roots of the given equation are real

(a+b+c)? —3\(ab+bc+ca)>0

a® +b* +c?

ab+bc+ca

<2 ..(iv)

>30-2 (V)
. 4
From (iv) and (v), 3A-2<2=> A< 2

@ x? +px+g=0
Let roots be o and o2, then
> =—p,aa’
1/3 1/3\2
(@) "+(q@ ") =-p
On taking cube on both sides, we get

1/3 2/3 3
)=-p

o+0o =q:a=q1/3

q+q* +3q(q

= C]+C]2_3P‘1=_P3:>p3+q2—q(3p—l)=0

(¢) Leta, a? be the roots of 3x2+ px+3 =0

~ a+a’l=—p/3anda’=1

= (oc—l)(oc2+oc+1)70

If a = 1, then p = — 6, which is not possible as p > 0

foa’?+a=-1 = —p/3=-1 = p=3.

d) Given:(x—a)(x—b)-1=0,b>a.

or xX*—(a+b)x+(ab-1)=0

Let fix)=x*—(a+b)x+ (ab—1)

D=(a+b)*—4(ab-1)
=(a-b>+1>0

Since coeff. of x% i.e. 1 >0,

= a=lor a?+o =—

D being +ve. Also f'(a) =f(b)=—1
—> curve is below x-axis at @ and b

a and b both lie between the roots.

S ¢ - . fx) represents upward parabola,
intersecting x-axis at two points corresponding to two real roots,

13.

14.

15.

16.

17.

Therefore, the graph of given equation is as shown.

N/
7

¥
It is clear from graph, that one root of the equation lies in (— oo,
a) and other in (b, oo ).

(b) Given: ¢c<0<b anda+f=-b ...(0)

af =c ...(ii)

From (ii), c <0 = aff <0 = Either ais -ve or f is - ve and
second quantity is positive.

From (i), b>0 = -b<0 = a+p <0

— the sum is negative

= (Modules of nengative quantity) > (Modulus of positive
quantity)

But given o < B. Therefore, it is clear that o is negative and f is
positive and modulus of o is greater than modulus of 8

= o<0<B<|a]

(a) Ifboth roots of a quadratic equation ax>+ bx + ¢ =0 are less
than k, then

af(k)>0,D20, a+ B <2k
fix)=x2—2ax+a+a—-3=0,
f3)>0,a+p <6, D20.
= a’-5a+6>0,a<3,-4a+1220

— a<2ora>3,a<3,a<3 —a<2.

(¢) For the equation px? + gx + 1 = 0 to have real roots
D>0 = ¢*>>4p

If p=1lthen > >4 — g=2,3,4

If p=2then ¢° 28 = g=3,4

If p =3 then q2>12:>q:4

pr 4 then q >16 = g=4
Number of required equations = 7
(¢) a, p are roots of the equation (x — a) (x —b)=c,c# 0
Lo G-—a-b)-c=x-a)x-p)
= x-—)x-B)tc=@x—-a)x—>b)
= Rootsof (x—a) (x—B)+c=0areaandb.

(d) Iff(o)andf(B) are of opposite signs then there must liec a
value ¥ between o and B such that f(Y ) = 0.

a, b, ¢ are real numbers and a # 0.

Since o is a root of a?x?> + bx + ¢ =0
202+bo+c=0 (i)
Also B is a root of a*x2 —bx —c =0
ap>—bp—c=0 ... (i)
Now, let £ (x) = a®x* + 2bx + 2¢

Then f (o) = a0 + 2b o + 2¢ = a’a®+ 2(b o. + ¢)

= d?a? + 2(- d?a?) [using eq. (i)]

= d%o’.

and £ (B) = a®B>+ 2bP + 2c = a®p2+ 2(b + ¢)

= a*p*+ 2(a’p?) [using eq. (ii)]
=3a?p2> 0.

Since f (o) and £ (B) are of opposite signs and Y is a root of
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18.

19.

20.

21.

22.
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equation f'(x) = 0
- Y must lie between o and 3
=>a<Y<p.

2 2

=1-
x—1

(@) Given: x—

Clearly x #1 for the given equation to be defined. If

x # 1, we can cancel the common term on both sides to

x-1
get x = 1, but it is not possible. So given equation has no roots.

(¢) Since, (x2+ px + 1) is a factor of ax> + bx + ¢, hence we can
assume that zeros of x%+ px + 1 are a, p and that of ax® + bx +
cbea, B,y

S o+B=-p e (D)
aBf=1 .. (i
and o+ +y=0 (1))

b
afy + Py +yo = ; v (V)

e
oPy=— e (V)
a
On solving (ii) and (v), we gety=—c/ a.
On solving (i) and (iii), we get y = p
p=y=-cla

Using equations (i) , (ii) and (iv), we get

a
(b) Given :
(x=-b)(x—-c)+(x—a)(x—c)+(x—a)(x—b)=0
= 3x2—2(a+b+c)x+(ab+bc+ca)=0
D=4(a+ b+ c)>—12(ab + bc + ca)
=4[a2+b2+cz—ab—bc—ca]

=2[(a=b)? +(b-c)* +(c—a)’]20 Ya,b,c

Roots of given equation are always real.

(¢) {¢,m,narereal, { =m 26.

Given : (¢ - m))c2 -5(U+m)x—-2({—m)=0

D=25(0+m)* +8(t—m)*> >0,0,me R
Roots are real and unequal.

(1) Taking log with base 5 on the both sides

(16(10g5x)3 - 68 (logsx)) (logsx) =-16

Let (loggx) = ¢

1664~ 682 +16=0

= 44162 -2 +4=0 29,

= @r-1DHEFE-4)=0

or t=il,i2
2

x—1 23.

24.

= 4> c’=ab 25.

27.

28.

1 =1
Solong:i%,oriZ - x=52,52 52572

1 -1
Product =52.52.5%.57% =1
+ - - +
0) ——t—+— i
_ o -1 0 1 o
3% +x—-1=4|x2-1]
Case 1: Ifx e [-1, 1],
3+ x—1=-4x2+4
= 72+x—-5=0 - D=141>0 .. Equation has two roots
Case 2: If x € (—o0, —1] U [1, o0)
3 +x—1=4x*—4
= x¥*-x-3=0-D=13>0
Equation has two roots
So, total 4 roots.

(2) The given equation is
x> —8ke+16(k* —k+1)=0
Both the roots are real and distinct.
D>0 = (8k)? —4x16(k>—k+1)>0

= k>1 ..(1)
-+ Both the roots are greater than or equal to 4

o a+B>8 and f(4)20
= k>1

...(ii)
and 16-32k+16(k> —k+1)>0
= k2 -3k+220= (k-1)(k-2)=0
= ke (-0,l]Ul2,o) ...(iif)

Combining (i), (if) and (iii), we get t > 2
Smallest value of k£ = 2.

The given equation : x> —3kx +2¢2"F —1=0

= x?3ke+(2k2 -1)=0

Now, product of roots = 2k —1

Lk S1=7> KkK2P=4 =k=2,2

For real roots, D >0

= k2 —42k*-1)=20 =k>+420,

which is true for all k. Thus k=2, -2

But for k= -2, In k is not defined

We reject k = -2, we get k= 2.

Since, p and ¢ are real and one root is 2 + i \/3, therefore other

root should be 2 — i \/g
-, p=—(sum of roots) =—4, g = product of roots =4 +3 =7
(True) fix)=(x—a)(x—c)+2 (x—b) (x—d).

f@=+vef(by=—ve;flc)=—ve; f(d)=+ve

o. There exists two real and distinct roots one in the interval
(a, b) and other in (c, d). True

(False) 202 +3x+1=0=> x = —1,—1/2 ; both are rationals

Statement is false.
(b,c,d) Given that ax?+ 2bxy +cy?>0
andy, x € R — {0}
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2
:c[zj +2b(z)+a>0:>c>O,D<O
X X

4b2—4ac < 0= b%<ac

(a) [2,%,6)

2
[Zj >2x6 33.
2

.. Option (a) is incorrect
1
3,b,— |€S
(b) If [ 12)

:b2<3.%:b2<%:4b2<1

= |2b| <1 obtion (b) is correct
() ax+by=1
bx+cy=-1

a b

= —ac—-b> %0
D b ac

Cc

.. unique solution option (¢) is correct.
(d) (a+1)x+by=0
bx+(c+1)y=0

(a+1) b

| b (e
=(a+1)(c+t)—b*=ac—b*+a+c+1 =
Since ac — b*>> 0
= b*<ac=acis+ve
= a and c are positive then (ac—b?) +a+c+1>0
.. unique solution
.. ooption (d) is correct

30. (a,b,0)
3X=4x1= xlog 3 =2(x - 1)log2
2
= log2
2log2-log3
_ 2logz2 2
2logz2-1 2-log,3 3s.
1 1
A T logy 3
1—510g23 —1084
3. (b)) oF=a+l
pr=p+1

ay  =pa’+qp"

—p(a’ "ol Y g )
=dy-1 +an72

ap=ayp tay

145 1-/5
o= , B=

2 2

as=azta,

32. (d)

=3a;+2aq,
28=p Ba+2)+¢g(3B +2)

28 = (p+q)@+2j+(p—q)(¥J

p-q=0 and (p+q)><%:28
= ptq=8= p=qg=4
s pt2g=12
(b) Asa,b,c, p,q, € R and the two given equations have
exactly one common root
= Either both equations have real roots
or both eqations have imaginary roots

:>Either DIZO and D2 20 or DISO andD2 SO
= p*—g>0and b* —ac>0
or Pz—qﬁ()and b —ac<0

= (p*—q)b*—ac)=0
. Statement 1 is true.

(0 C
Also we have oy = ¢ and —=—
B a

of g 2_494a
. ==X - =
“al/B ¢ =P c

AsB#1 or-1 = [32¢1 =L or c#qa
c

Again, as exactly one root o is common, and 3 # 1

1 =
LotBrot+— = _2b¢_2p
a

= b+ap

.. Statement 2 is correct.

But Statement 2 is not a correct explanation of Statement 1.
Roots of x*>— 10cx — 11d =0 are a and b

= a+b=10candab=-11d

Similarly ¢ and d are the roots of x> — 10ax — 11b = 0
= c+d=10adandcd =-11b

= at+tb+c+d=10(a+c)and abed =121 bd
= b+d=9(a+c)and ac=121
Also we have a> — 10 ac — 11d = 0 and ¢* - 10ac — 116 =0
= a?+c*—20ac—11(b+d)=0
= (@a+c)?-22x121-99 (a+¢c)=0
= a+tc=1210or-22
Fora+c=-22,wegeta=c
Rejecting this value we have a + ¢ = 121
atb+c+d=10(a+c)=1210
Given :
¥+(@-b)x+(1—a-b)=0,a,b €R
For this equation to have unequal real roots for all value of b
it D>0
= (a-bP-4(1-a-b)>0
= a*+b*-2ab-4+4a+4b>0
= b +b(@-2a)+da*+4a-4>0
Which is a quadratic expression in b, and it will be true for all
b €R, if discriminant of above equation is less than zero.
ie,(42a)? —4(a*+4a—-4)<0
= Q-ay—(a*+4a—-4)<0
= 4-4a+d*-a*—4a+a<0

= —-8a+8<0,.. a>1



Complex Numbers and Quadratic Equations

36.

37.

38.
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We know (a—B)” =[(a+8)— (B+8)]°
= (a+P)’ —40p = (a+5+B+3)" ~4a+3)(B+8)

> 4c B? 4C dac—b> 44C - B>
> S-—= _

a a 4> 4 a? A%

[Hereoﬁﬁz—é, of =£,
a a

(a+08) B+d) = —%and(ow?}) (B+8):%}

Given : Fora, b,c¢ € R, ax?>+ bx + ¢ =0 has two real roots o and
B, where oo <—1 and 3 > 1. There may be two cases depending
upon the value of a, as shown below.

In each of cases (i) and (ii) af (—1) <0 and af'(1) <0
(i) Ifa>0

y=ax*+bx+c

(i) Ifa <0

y:ax2+bx+c

= a(@a-b+tc)<0anda(a+b+c)<0
Dividing by a? (> 0), we get
b ¢

1-—+—<0 ()
a da

b
and 1+—+£<0
a da

On combining (i) and (ii) we get

b

a

..(iD)

C C
+—<0 or 1+—+|—|<0

a a

1+b
a

Given :
[x2+4x+3 |+2x+5=0
Here two cases are possible.

Casel: x’+4x+320 = (x+1)(x+3)20

= x e€(-0,-3]u[-1,0) ()
Then the given equation becomes,

= x?+6x+8=0

= (x+4)(x+2)=0,

But x = — 2 does not satisfy (i) and hence rejected.

x =—4,-2

39.

40.

41.

Solution is x = — 4
Casell: X2 +4x+3<0

= x+1)Ex+3)<0

= xe(3,-1) ..(ii)
Then the given equation becomes,
— (2 +4x+3)+2x+5=0
= —x2-2x+2=0 = ¥ +2x-2=0
—2++/4+8
= X=—". xz—l+ﬁ—1—x/§

2

But x=-1+ ﬁ does not satisfy (ii) and hence rejected.

Solutionis x=-1-— \/§
On combining solution in the two cases, we get the solutions: x

—4,-1-43.
Given :
¥ -2a|x—al-3a*=0 e (1)
Here two cases are possible.
Casel:
Hence, Eq. (i) becomes

¥ —2a(x—a)—3a*>=0

x—a>0,then|x—a|=x-a

2at+ 4a% + 4a2

2

= X 2ax-d’=0 > x=

xzaia\/i
Casell : x—a<0, then|x—a|=—-(x—a)
Hence, Eq. (i) becomes
x¥2+2a(x—a)—3a*=0

_ 2a++ 4a® + 204>

2
—2at

Hence, the solution set is {a + aN2,—a+ a6 }

= X4+2ax-5a*=0 > X

2 2
Given, (5+2,6) C+(5-246)" " =10 .0
2.3 23
Put y=(+26)" " =(5-2J6)" " =1
Y

1
From Eq. (i), y+—=10
y

= 2 -10y+1=0 = y=5+2J6

27

= (s5+2J6)" " =5+246
2_

or  (5+246) " =5-26

2

= x2-3=1 or x2-3=-1

= x=t2orx =2 = x=42,+2
Given a > 0, so we have to consider two cases :
a# landa=1.

Also it is clear that x > 0

and x = 1,ax=1,a% = 1.
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Casel:Ifa>0, #1
then given equation can be simplified as
2 1 3
+ + =
log,x 1+log,x 2+log,x

Putting log, x =y, we get
20+ )2+ +y 2+ +3y(1+y)=0

= 6y’ +1ly+4=0=>y=-4/3and—1/2
= log,x=-4/3and log, x=-1/2

-4/

= X=a 172

Sandx=a"
Case II : If ¢ = 1, then equation becomes
2log 1 +log 1+3log 1=6log 1=0
which is true V x > 0,1

Hence solutionis x>0, #1; if a=1,
/2 -4/3
a

and x=a 7, ,if a>0,#1
2. JYx+1=1++x-1
Squaring both sides, we get
x+l=1+x-1+2Jx-1 = 1=2Jx-1.
= 1=4(x-1)= x=5/4
Topic-4: Condition for Common Roots, Maximum
and Minimum value of Quadratic Equation,
Quadratic Expression in two Variables,
=] Solution of Quadratic Inequalities
1. (b) Let o be the common root of given equations, then
a?+ba-1=0 ()
and o?+a+b=0 ...(1f)
On subtracting (i) from (i), we get
(b-Da-(b+1)=0
b+1
= o=
Substituting this value of o in equation (i), we get
2
b+1 b+1
— | +b|—|-1= 3 =
[b—l] [b—l] 0= b+3b=0
= b=0, i3,~i3
2. (b) f(x) = ax® + bx + ¢ has same sign as that of a if D < 0.
Since x% +2ax+10—3a > 0Vx
D<0= 4a’>-4(10-3a)<0 = 4% +3a—10<0
= (a+5)(a-2)<0=>ae(-5,2)
3. (20)Giventhatf(l)=-9=1+a+b+c=-9 .()
and 4x3 + 3ax2+2bx =0
=x=0,0r4x?+3ax+2bh=0 .(if)

— /3; and _/3; areroots of (ii)

:ﬁi—ﬁﬁ%‘l,ﬁi(—ﬁihz—b

4
=a=0,b=6,c=-16  from(i)
=fx)=0=x*+6x2-16=0

5 —6++/36+64

S =EN T 345228
2

x = 2,2, 22, 2/2i

=loy P +log [P+l +] oy =20
-+ x =1, reduces both the equationsto 1 +a+b=0
~. 1 is the common root. fora +b =-1
*. Numerical value ofa+b=1
(True) P(x).Q (x) = (ax? + bx + ¢) (—ax? + bx + ¢)
= D, :b2—4acandD2:b2+4ac
clearly, D, + D, = 22> 0
Atleast one of D, and D, is positive. Hence, atleast two
real roots. True
(a, d) Given, x; and x, are roots of ax? —x+a=0.

1
X +xy= — andxpx, =1

Also, ey —x,| <1
= —x2\2< 1 = (x —x2)2< 1
or  (x;+ x2)2 —4dxxy <1

1

1
= T 5 —-4<1 or — <5
o? o2

or 562-1>0 or (\5a-1)50+1)>0

+ - +
[TTTTTTTTI FTTTTTTTTI

~1/\5 NG

el oL o

Also, D >0

11
= 1-402>0 or a e(_zagj ..(ii)

From Egs. (i) and (ii), we get

o e[_i —_1] U(L 1]
2’5 J572
(b) Given :a, b, c, d, p are real and distinct numbers such that
(@ +b* + ) p? —2ab+be+cd)p+ (B +c* +d*)<0
= (azp2 +b2p2 +czp2)—(2abp+ 2bcp + 2cdp)
+Hb*+c* +d*)<0

= (azp2 —2abp+b2)+ (bzp2 —2bcp +cz)

+(czp2 —2cdp+d2) <0
= (ap-b)> +(bp—c)’ +(cp—d)> <0

Since, LHS is the sum of perfect squares, therefore LHS can
never be —ve.

“(ap=b)’ +(bp=0) +(cp-d)* =0
Which is possible only when each term is zero individually
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ie. ap—-b=0;bp—c=0;cp—d=0

b ¢ d b_e_d_
= ;:p’Z:p’;:p = a b c p
a,b,c,d are in G.P.
- -b
@ dLet y=—970
(x=c)

= (x—c)y=x2 —(a+b)x+ab

= X —(a+b+y)x+ab+cy=0
Here, D = (a+b+ y)* —4(ab +cy)
=2 +2y(a+b—-2c)+(a—b)>

Since x is real and y assumes all real values.

D > for all real values of y

= y2 +2y(a+b—2c)+(a—b)2 >0

As we know that the sign of a quadratic polynomial is same as
that of coefficient of y? if its descriminant < 0

4(a +b—2c) —4(a —b) <0
= 4(a+b-2c+a-b)a+b—2c—a+b)<0
= 16(@—-c)(b-0)<0
= 16(c—a)(c-b)<0 ()
If a < b then from inequation (i), we get ¢ € (a,b)
= a<c<b
If a > b then from inequation (i), we get ¢ € (b,a)
= a>c>b
Thus, both (c) and (d) are the correct answer.
Given : ax? + bx+¢=0 e ()
and a2+ abex + =0 )]

0L+B=—2, (x.[3=£
a a

Divide the equation (ii) by a3, we get

3
x2+é£x+[c) =0
a a

=5 -+ P). o) x+ @By =0
:>x—a[3x afcx + (af)’ =
=x(x—o2p) - aBz(x a’p) = O
= (- azﬁ)(x ap?)=0

= x=0o?p, ap?

10.

11.
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Given: x* —3x+2>0, x*>-3x-4<0
= (k-1 (x-2) >0and (x—4) (x + 1) <0
< © G >

P »
< »

| | |
T T T
-0 -1 1 2 4 o

@

= xe(-o, 1)U (2,0)and x € [-1,4]
Common solution = [—1, 1)U (2, 4]
a, B are the roots of x>+ px + g =0
a+p=-p, ap=g
Y,0 are the roots of x>+ rx + s =0

Y+d=-ryd=s
Now, (at=7)(a—8)(B-7)(B-5)
= [0® = (y+8)a+18][B% — (v +5)B+18]
= [0L2+roc+s][[32+r[3+s]
a., P are roots of x>+ px + g =0
a2+pa+q=0and[32+p[3+q=0
= a’=-pa-gandB>=-pB ¢
(@ =)= 8)(PB-1)B-8) =[o® + rac+ s][B> + rB+s]
= [r-pa+—lr-pP+(s—q)]
= (r-p (- p)s—a+P)+(s—g)°

= qr—-p’-pr—pls—9)+(s—q)

Now if the equations x> + px + ¢ =0 and x*> + rx + s = 0 have a

common root say o, then o> + po + g = 0 and
a?+ro+s=0
o o 1
= = =
ps—qr q—-s r—p

s — qr —-s
= 2= g g=122

r—p r—p
= (q—s)zz(r—p)(ps—qr), which is the required

condition.
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