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Trigonometric
Functions

I Angles

¢ An angle is a measure of rotation of a given ray about its initial point. Here
OA is initial position and OB is the final position of the given ray.

0 A
¢  The original ray is called the initial side and the final position of the ray after
rotation is called the terminal side of the angle.
¢ The point of rotation is called the vertex.

¢ If the direction of rotation is anticlockwise, the angle is said to be positive
and if the direction of rotation is clockwise, then the angle is negative.

Tem\'\“a\ side 5 Initial side

> Ter mj, naj Sl.de

O Initial side
(1) Positive angle (1) Negative angle

Angle Measurement

A. Degree measure

¢ If a rotation from the initial side to terminal side is (1/360)th of a revolution,
the angle is said to have a measure of one degree, written as 1°.
A degree is divided into 60 minutes, written as 1, i.e. 1°= 60".
A minute is divided into 60 seconds, written as 1’, i.e. 1’ = 60"".

*
*
B. Radian measure
*

Angle subtended at the centre by an arc of length 1 unit in a unit circle (circle
of radius 1 unit) is said to have a measure of 1 radian.
The figures show the angles whose measures are 1 radian, —1 radian

*
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B
K
1

= A/
(i)

¢ One complete revolution of the initial side subtends an angle of 2r radian.
¢ A circle of radius r, an arc of length r subtends an angle whose measure is

¢ radian, an arc of length 1 will subtend an angle 8 radian whose measure is

Arc
Radius
C. Relation between radian and real numbers
¢ From the figure. If we rope the line AP along the circle in the anticlock wise

direction, we find
¢ Every real number will correspond to a radian measure and conversely. Thus,
radian measures and real numbers can be considered as one and the same.

0= ¢ /rradian, or |Angle=

—_

< > »
D 1 5 F
D. Relation between degree and radian
¢ A circle subtends at the centre an angle whose radian measure is 27 and its
degree measure is 360°.
Hence, 2mradian=360° or ©radian = 180°
¢  Using approximate value of w as 22/7, we have
1 radian = 180/ ® © = 57° 16’ approximately. Also 1° = /180 radian = 0.01746
radian approximately.
The relation between degree measures and radian measure of some common

angles are-

Degree | 30° | 45° | 60° | 90° | 180° | 270° | 360°

Radian | = | 2 | 2 | 2 s 3n 2n
6 | 4|13 1[2 6

E. Notational Convention
¢ In this convention, we generally omit the word ‘radian’, when we expressed
an angle in radians.
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o n (o]
e.g.45 =7 180°=m

Note: Radian measure = x Degree measure

180

180
Degree measure = — x Radian measure
T

Trigonometric Functions

The extension of the definition of trigonometric ratios to any angle in terms
of radian measure is studied as trigonometric functions.

©, 1)|B

P(a, b)
14N
L@ o \) (1,0
—

(0,-1)|D

¢ Let unit circle, Here we define cos x = a and sin x = b. Since AOMP is a right
triangle, we have OM2 + MP2 = OPZ or a2 + b2 = |

¢ Thus, for every point on the unit circle,
we have a2 + b2 = 1 or cos? Zx=1
Since, one complet revolution subtends an angle of 2r radian at the centre
of the circle, AAOB = 1t/2,

¢ All angles which are integral multiples of /2 are called quadrantal angles.

X + sin

¢  For quadrantal angles we have

cos 0°=1, sin 0° =0
b W
COSEZO, smzzl
3n . 3n
c057:0 sm;zfl
¢ Thus,

sin x = 0 implies X = nm, where n is any integer
cos x = 0 implies x = (2n + 1) /2, where n is any integer.
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Let us see the table:

el Z|E|E] X || 3 |
6 | 4| 3 2 2
. 1|1 |43
0 - | —=|2= 1 0 -1 0
- 2 | 2|2
cos | 1 ﬁ L l 0 -1 0 1
2 |42 2
1 not not
tan| 0 |—=| 1 [3 0 0
3 defined defined

. Basic Formulae

. 1
« sinf=———, 0#nx
cosecO

. cosO=—— 0%+ .
secO 2

. tanezL,O;'&E
cotO 2

. tan0= Nt
cos 2

. cot9=cf)se,9¢nn:.
sin

A. Sign of trigonometric functions
¢  In different quadrants from the values of sin x, cos x we can find the signs of
other trigonometric functions as:

IBWIApIIBNI4
sinx [+ |+ | — | -
cosx |+ | —| — +
tan x + | - + —

coscex |+ | + | — —
secx [+ | — | — +
cotx |+ | — + —

¢  Sign of Trigonometric Functions

II A
sin, cosec are I
positive, -
rest are negative All positive
tan, cot are Cos, sec are
positive, positive,
rest are negative rest are negative
111 v v

Note: Remember ASTC (After School to College)
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B. Domain and range of trigonometric functions

¢ By the definition of sine and cosine functions, we observe that they are
defined for all real numbers.

¢ Thus, domain of y = sin x and y = cos x is the set of all real numbers and range
is the interval [-1, 1], i.e.,— 1 <y < 1.

¢  Since cosec x = 1/ sin x , the domain of y = cosec x is the set { x : x € R and
x#nm,n e Z} andrangeistheset {y:ye R,y>1lory<—1}.

¢  The domain of y=secx is the set {x: x € Rand x# (2n+ 1) w/2,n € Z} and
range is theset {y:y e R, y<—lory=>1}.

¢  The domain of y=tan x is the set {x: x € Rand x# 2n+ 1) w/2,n € Z} and
range is the set of all real numbers.

¢  The domain of y =cot x is the set {x: x € Rand x#n n, n € Z} and the range
is the set of all real numbers.

¢ Let us discuss the behaviour of other trigonometric functions through the
following table as below

Domain and Range of Trigonometric Functions
Function Domain Range
sin X R [-1,1]
cos X R [-1,1]
tan x R—{@2n+1)n2,neZ} | R
cosec X R - {nm, ne Z} (—o0,—1]U[1, )
sec X R-—{@2n+ )n/2,neZ} | (—oo,-1]U][l, o)
cot X R-{nm,neZ} R
I quadrant II quadrant III quadrant IV quadrant
. increases from | decreases from | decreases from | increases from
ot 1t0 0 0to -1 1100
decreases from | decreases from | increases from | increases from
oo 0to -1 1100 0tol
an increases from | increases from | increases from | increases from
0tooo -0 to 0 0tooo —0t00
cot decreases from | decreases from | decreases from | decreases from
0 to0 0to —© 0 to 0 0to—©
increases from | increases from | decreases from | decreases from
e l1to —oo to —1 —1to—o0 otol
decreases from | increases from | increases from | decreases from
cosee wtol 1tow —oo to —1 —1to —o0
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¢ Let us see graphs of the trigonometric functions-

NN oTV\ N
bARER T '“\/I—m AN/ N
2

y=cosx y

4
L
L
2 2 3n
Xe & ! T i 2 .*“71 . ‘rc,2 21
< = 10 E 3_ 2> X X< 0 _IIE T > X
211 42 2 1,2
-2 -2
\
Y' Y'
y =secx y = cosec x

Trigonometric Functions of Sum and
Difference of Two Angles

sin (—X) =—sinXx
cos (— X) = cos x
cos (X +y) = cos X cos y — sin X sin y

¢ & o |jmmm
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cos (X —y) =cos X cos y + sin X sin y
cos (/2 —x ) =sin x

sin (1/2 — X ) = cos X

sin (x +y) =sinx cos y+ cos xsiny
sin (X —y) =sin X cos y— cos X siny
cos (m/2 +x) =—sinx

sin (/2 +x ) =cos X

cos (T — X) =—cos X

sin (T —X) = sin X

cos (T + X)=—cos X

sin (T + X)=—sin X

cos (21— X) = cos X

L ZEE R R JEE 2R R N 2R 2N R R 2R 4

sin (2n—Xx)=—sinx

tan X +tan y
¢ tan (x+y) = l-tan x tan y
tan x —tan y

¢ tan (X—Y) = e

cotx coty—1

¢ cot (x +y) = cot y +cot x

cotx coty +1
cot (x—y) = cot y — cot x

* cos 2x =cos2x —sin2x =2 cos2x — 1 = 1 —2 sin?x
1—tan’x
" 1+tan’x
. . 2tan X b . .
¢ sin2x=2sinxcosXx= 5 ~ X#nmn+ -’ wherenis an integer
1+ tan” x 2
2tan X . T . .
¢ tan2x= ———— if2x#n n+ > wheren is an integer
1—tan”x 2

3tan x — tan> x

. tan 3x = 2
1-3tan“x

. T . .
if3xznn+ 5 where n is an integer
¢ sin 3x = 3 sin x — 4 sin’x

¢ cos 3x =4 cos3x — 3 cos X

-y
2

X+y
¢ cos X+ cos y= 2cos
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. X+Y . X-—
¢ cos x—cosy=— 2sin Y smTy
+ X —
¢ sinx+siny=2sin yCOSTy
. X
¢  sinx—siny=2cos Y smTy
¢ 2cosxcosy=cos(x+y)+tcos(x—y)
¢ 2sinxsiny=cos(X+y)—cos(xX—Y)
¢ 2sinxcosy=sin(x+y)+sin(x—y)
¢ 2cosxsiny=sin (x+y)—sin(x-y).

Trigonometric Equations

< |

Equations involving trigonometric functions of a variable are called

trigonometric equations.

¢ The solutions of a trigonometric equation for which 0 < x < 2n are called
principal solutions.

¢  The expression involving integer 'n' which gives all solutions of a

trigonometric equation is called the general solution.

Principal Solutions
¢ The solutions of a trigonometric equation in the variable 'x' for which 0 <x <2 =&
are called principal solutions. E.g., the principal solution of equation

. 1 n 5T
Sinx= 5 arex= """
General Solutions
sinx=0 =>X=nm,ne’”
cosx=0 =x=2n+ )n22,neZ
tanx =0 =>X=nm,ne”Z

sinx=siny =x=nn+(-1)"yneZ

CosX=cosy =>x=2nnxyneZ

* & & O o o

tanx=tany = x=nn+yneZ

I Simple Applications of Sine and Cosine Formulae

¢  Sine Formulae: In any triangle, sides are proportional to the sines of the
opposite angles, that is, in a triangle ABC.
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A

sinA:sinB:sinC
a b ¢
B C

. Cosine Formulae: Let A, B and C be angles of a triangles and a, b and ¢ be
lengths of sides opposite to angles A, B and C respectively, then
o aZ=b2+c2-2bc cos A
o b2=c?+a2—2cacosB
o c2=a2+b2—2abcos C

Past Years ONE-LINERS
JEE Main/Board

¢ 1 + cos 6 =2 cos20/2
1 — cos 8 = 2 sin20/2
¢ sin 20 = 2sin6.cosO

tan o + tan 23

L tan (o + 2B) =
( 2 1 —tan o tan 2

¢ Using AM. and G M. to find minimum or maximum value of Trigonomatric
expressions where sin(x) > 0, cos (x) > 0. tan(x) > 0 etc. where A. M. > GM.
¢ To find number of solutions of trigonometric equations try to make dissimilar
trigo function as similar, ie., Let
= sin x = cos 2X = sin(x) — cos(2x) =0
= sin(x) — [1 — 2 sin%(x)] =0
= 2 sin?(x) +sin(x)— 1=0
¢ To find maximum value and minimum value of trigonometric expression (used
concept)
-1 <sinx<1 = 0<sin?x<1
—1<cosx<1l = 0<cos?x<1
¢ Used concept

cos (C) + cos (D) = 2 cos (C;Dj cos (CDJ

2
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Tips/Tricks/Techniques ONE-LINERS

(Exam Special)

»  Periodic properties of trigonometric functions

(a) sin x, cos x, sec x and cosec x are periodic functions with fundamental
period 2.

(b) tan x and cot x are periodic functions with fundamental period 7.

(c) |sin x|, |cos x|, |tan x|, |cot x|, |sec x|, |cosec x| are periodic functions with
fundamental period .

(d) sin"x, cos”x, sec”x, cosec”x are periodic functions with fundamental
period 2w or m according as z is odd or even.

(e) tan"x and cot”x are periodic function with fundamental period © whether
n is odd or even.

»  Conditional trigonometric identities
IfA+ B+ C=180° (or m), or A, B, C are angles of a triangle. Then,
(a) sin(A+B)=sin(n—C)=sinC, etc.

. (A B i1, C
(b) sin| —+—|=smn| ———|=cos—, etc
2 2 2 2

. . . A B C
(¢) sinA+sinB+sinC =4cos—cos—cos—

. A . B.
(d) cosA+cosB+cosC=1+4s1n751n?s1n%

() tanA+tanB+tanC =tanAtanBtanC
(D cotAcotB+cotBcot C+cot CcotA =1

A B B C C A
(g) tan—tan—+tan—tan—+tan—tan—=1
2 2 2 2 2 2

»  Properties of triangle
(a) Projection formula
(i) a=bcosC+ccosB
(i) b=ccosA+tacosC
(i) ¢=acos B+ bcos A
(b) Tangent rule :

(B—C) b-c (B+C) b-c A
tan = tan = cot —
2 b+c 2 b+c 2
(c) Half angle formula :

@) siné = ‘f—(s —b(s=¢)
2 bc
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.. é _ s (s—a)

(i) cos 5 —bc

(i) tan 2 = /—(s D (5-0)
2 s(s—a)

(d) Area of a triangle :

A:l bcsinA:l casinB:l ab sin C
2 2 2

»  Orthocentre of the triangle and pedal triangle

(a) The distances of the orthocentre of the triangle from the vertices are
2RcosA, 2RcosB, 2RcosC and its distances from the sides are 2RcosB
cosC, 2RcosC cosA, 2RcosA cosB.

R
(b) Circumradius of the pedal triangle = 5

(c) Area of the pedal triangle = 2A cos A cos BcosC.

(d) Circumcentre O, centroid G and orthocentre O' are collinear and G divides
OO’ in theratio 1 : 2.

(e) Distance between the circumcentre O and the incentre I is

Ol= R\/l—SsinésinEsing
2 2 2

»  Heights and distances
(a) The angle of elevation or depression is the angle between the line of
observation and the horizontal line according as the object is at a
higher or lower level than the observer.
(b) The angle of elevation or depression is always measured from horizontal
line through the point of observation.



